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a b s t r a c t
The joint estimation of the parameters and the states of the hemodynamic model from the blood oxygen
level dependent (BOLD) signal is a challenging problem. In the functional magnetic resonance imaging
(fMRI) literature, quite interestingly, many proposed algorithms work only as a filtering method. This
makes the estimation of hidden states and parameters less reliable compared with the algorithms that
use smoothing. In standard implementations, smoothing is performed only once. However, joint state
and parameter estimation can be improved substantially by iterating smoothing schemes such as the
extended Kalman smoother (IEKS). In the fMRI literature, extended Kalman filtering is thought to be less
accurate than standard particle filtering (PF). We compared EKF with PF and observed that the contrary is
true. We improved the EKF performance by adding smoother. By iterative scheme joint hemodynamic and
parameter estimation is improved substantially. We compared IEKS performance with the square-root
cubature Kalman smoother (SCKS) algorithm. We show that its accuracy for the state and the parameter
estimation is better and much faster than iterative SCKS. SCKS was found to be a better estimator than the
dynamic expectation maximization (DEM), EKF, local linearization filter (LLF) and PF methods. We show
in this paper that IEKS is a better estimator than iterative SCKS under different process and measurement
noise conditions. As a result, IEKS seems to be the best method we evaluated in all aspects.
© 2015 Elsevier Ltd. All rights reserved.

1. Introduction
In estimation theory, there are two main categories for the state
estimation. These are the filtering and smoothing. In the filtering of
the state estimate, the observation sequence y1 , y2 , · · · , yk or y1:k is
used to find the statistical information about the states x1 , x2 , · · · ,
xk . We are interested to finding the conditional probability density
function (pdf) p(xk |y1:k ) for the filtering. Since by the new observation yk+1 we can find the conditional pdf p(xk+1 |y1:k+1 ), filtering
is also known as online estimation, whereas, in the smoothing
approach, all the observation sequence including the future data
(y1:N , N > k) are used to find p(xk |y1:N ) [1]. Since for every time step
we need the complete observation sequence, this kind of processing
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is also known as offline estimation. The use of future data contains information about the past data and, as a result, improves the
state and parameter estimates of the system. The choice of the state
estimation technique also has an important effect on the parameter estimation. Having a more accurate state estimation algorithm
also improves the parameter estimation of the system. In the fMRI
model inversion literature, most of the state estimation techniques
work only in the filtering sense. However, in most hemodynamic
data analysis cases, the computation is not performed in real time.
By using smoothing techniques, the estimation of both the state and
the parameters of the hemodynamic systems is improved. Tradeoff is that incorporating smoothing into existing algorithms leads
to an increased computation time.
In this paper, we worked on the joint parameter and state
estimation of the hemodynamic nonlinear dynamic system representation. The blood oxygen level dependent (BOLD) signal is
a measure for the localized hemodynamic response, which is
observed after neuronal activation [2]. This response is a nonlinear function of the blood flow and the blood oxygen content
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[3]. Hemodynamic response typically lasts for several seconds to
respond and decay [4]. This response changes from subject to subject, even in different times during the day and different regions
of the brain [4,5]. The general shape of the response is a typically
skewed bell-shaped function and is commonly represented as a
mixture of gamma functions [6]. Alternatively, the total system representing the hemodynamic response can be modeled by nonlinear
differential equations [7–9].
We estimate the parameters and the states by using the BOLD
signal and the functional representation of the system. In this paper,
we use the following functional model:
xk+1 = f (!, xk ) + wk

(1)

yk = h(!, xk ) + vk

(2)

Here, f and h are nonlinear functions of the state xk , where k is
the time index. The state in our case is a vector xk ∈ R4 , because
there are four hemodynamic state variables. The observed BOLD
signal at time k is denoted by yk ∈ R, because the BOLD signal is
one dimensional. The state transition noise wk is Gaussian with
N(0, Qk ), and the observation noise vk is Gaussian with N(0, Rk ). The
set of parameters of the model is denoted by !. Given N observations
y1 , y2 , · · · , yN or y1:N , our aim is to find the parameter set ! and the
states x1 , x2 , · · · , xN or x1:N .
In the fMRI model inversion literature, Riera et al. [10] used a
kind of extended Kalman filter where the discretization was not
based on the Euler-Maruyama method. They used the method proposed by Jimenez et al. [11]. Hu et al., on the other hand, used the
unscented Kalman filter (UKF) [12] in their work for the estimation of the hemodynamic model states and parameters [13]. Riera
et al. and Hu et al. used these techniques in a forward pass manner
without smoothing. The early attempts in the fMRI model inversion
literature disregarded the state noise. For example, in [7] Friston
et al. models the input and the output relation via Volterra kernels. Later, Friston used a Bayesian estimation technique [14] to
find the posterior of the parameters again under zero state noise
assumption. Later, Friston et al. suggested advanced techniques
based on variational filtering in which he also included the nonzero
state noises in the model [15–17]. Variational filtering techniques
assume factorization of the parameters and states. Dynamic expectation maximization (DEM) is the most popular of them. As Havlicek
et al. pointed out, DEM also works in the forward pass manner [3].
Johnston et al. [2] used particle filters, without using any smoothing. However, Murray and Storkey [18] used particle smoothers.
Most recently, Havlicek et al. [3] used the square-root cubature
Kalman smoother (SCKS) and obtained quite a remarkable success
compared with DEM under certain noise conditions. Most of the
signal analysis techniques in the fMRI literature can be regarded as
a kind of deterministic model inversion technique. Finally, there is a
class of variational filtering schemes known as generalized filtering
that operate in generalized coordinates of motion [17]. Crucially,
from our perspective, these effectively perform online smoothing.
This is because the filter estimates not just the current state but
high order derivatives that are based on (local) past and future
states. In other words, generalized filtering can be regarded as a
local Bayesian smoother. Generalized filtering is, however, a recent
addition to the portfolio of Bayesian deconvolution schemes and
will not be considered further in this paper.
In this paper, the iterative extended Kalman smoother (IEKS)
method is used as a model inversion technique and it is shown that
the parameter and the state estimation performances are improved
compared with the standard extended Kalman type algorithms,
which are used in the literature. Quite interestingly, EKF in the
hemodynamic literature is used only in the forward pass without smoothing [2,10]. Furthermore, Johnston et al. [2] concluded
that EKF is not robust and poor in performance compared with the

particle filters and LLF filters. The assertion that EKF is poorer in performance was repeated in the fMRI literature in several landmark
papers without examining specifically for the hemodynamic modeling case [3,16]. In this paper, we showed that the contrary is true.
We followed a similar approach with Havlicek et al.’s method and
showed that IEKS is a powerful alternative of former model inversion algorithms. We compared IEKS with EKS and EKF and noticed
the remarkable state estimation performance under different process/measurement noise conditions. We compared IEKS with SCKS
for joint state and parameter estimation performance. In all conditions, IEKS is shown to be robust and more accurate than iterative
SCKS. Also, IEKS was more than twofold faster than iterative SCKS.
1.1. Outline
The paper is organized as follows: in Section 2, we give the
details of the algorithms used. The steps of EKF, EKS and IEKS are
detailed, including the joint parameter and the state estimation
parts.
Hemodynamic model system identification is presented in Section 3; we work on the details of the fMRI hemodynamic model
state space formulation. We first represent the system in the deterministic nonlinear dynamical differential equations form. We use
the Euler-Maruyama method with time step "t = 0.1 to discretize
the system. We assume that there is an associating measurement
for every one second. We perturb the system with process and measurement noises. We work on different process and measurement
noise conditions, including [16,3].
In the Results and Discussion section, we first compare the
hemodynamic state estimation performance of EKF with the
standard particle filters (PF). Johnston et al. [2] asserted that PF
outperforms EKF and LLF filters. In this paper, we reexamined this
assertion and concluded that the most basic usage of particle filters
do not outperform other filtering techniques. We checked the state
estimation performance of PF with EKF under a variety of process
and measurement noise conditions. Subsequently, we checked the
numerical improvement in state estimation, achieved by applying
smoother to the EKF state estimation for a wide range of noise conditions. Subsequently, for the joint parameter and state estimation,
we checked the performance comparison of EKS and IEKS. We conclude that IEKS substantially improves the estimation performance.
Subsequently, for the joint parameter and state estimation, we give
the simulation results of the algorithms IEKS and iterative SCKS for
five different scenarios. SCKS was tested in the former hemodynamic model inversion work for low process noise conditions [3].
We test IEKS and SCKS for more challenging process and measurement noise levels. The performance improvement of EKS over SCKS
for all process and measurement noise conditions is shown in terms
of the state and parameter accuracy. The bias improvement for the
parameters for IEKS is stressed compared with iterative SCKS. In
Section 5, we apply IEKS method to a real data set. We discuss
further aspects of the method in detail.
The main findings and contributions for the hemodynamic
model inversion for PF, EKF, EKS and IEKS are as follows:
- The assertion made in the literature that PF outperforms Gaussian approximated model inversion methods seems not valid
for the hemodynamic model tested for a wide range of process/measurement noise conditions.
- The notion that EKF is not an efficient model inversion scheme
can be refuted. It appears to operate well for various levels of
measurement noise and different processes.
- EKF’s hemodynamic state estimation performance is even better
than standard particle filters under a wide range of process and
measurement noise conditions.
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- EKS is robust and improves EKF especially in the higher hemoydnamic process/measurement noise conditions.
- IEKS substantially improves hemodynamic state estimation performance by utilizing the EKS algorithm iteratively.
- IEKS has better hemodynamic state estimation accuracy compared with iterative SCKS for different process and measurement
noise conditions.
- IEKS has better parameter estimation accuracy compared with
iterative SCKS for different hemodynamic model process and
measurement noise conditions. The bias of the parameters is
lower.
- IEKS is more than twice faster than iterative SCKS for the joint
hemodynamic model inversion.

This concludes the prediction step. The next step is the measurement update. The first step is to calculate the so-called innovation
vk .
Measurement update:
If there is a measurement at time k, then the updates are:

In the former evaluation of SCKS and DEM [3], SCKS is concluded
to be the best method for model inversion in the fMRI literature. In
this paper, it is concluded that IEKS seems to be the best method
to be used for the joint parameter and state estimation of the
hemodynamic dynamical system. This also stresses how important
smoothing is in the hemodynamic model inversion algorithms.

If there is no measurement available at time k,

2. Materials and methods
In this section, the details of the EKF, EKS and IEKS algorithm
is given. For the SCKS implementation, the reader is referred to
[3]. The extended Kalman filter/smoother and cubature Kalman filter/smoother algorithms can be classified under the deterministic
inference algorithms. They approximate the filtered state estimate
p(xk |y1:k ) and the smoothed state estimate p(xk |y1:N ) by Gaussian
probability density functions (pdf). Since the pdfs are Gaussian,
both of the algorithms iteratively update the mean and covariance
of the state estimates.
2.1. Extended Kalman filter
For the EKF algorithm, the system is linearized in the estimated
state values. After the linearization step, the standard Kalman filter
algorithm is applied, which is known to operate optimally in linear
systems [19]. So the extended Kalman filter is a kind of deterministic approximation technique. It has the further assumption that the
filtered and the predicted states can be approximated by Gaussian
densities:
p(xk |y1:k ) = N(x̂k|k , Pk|k )

(3)

p(xk+1 |y1:k ) = N(x̂k+1|k , Pk+1|k )

(4)

Here, x̂k|k and x̂k+1|k are the filtered and the predicted mean values
of the densities, whereas Pk|k and Pk+1|k are the filtered and the
predicted covariances of the states.
Subsequently, the EKF algorithm recursively updates these
statistics as follows:
Prediction update:
x̂k|k−1 = f (x̂k−1|k−1 )

(5)
T

Pk|k−1 = F(x̂k−1|k−1 )Pk−1|k−1 F(x̂k−1|k−1 ) + Qk−1

(6)

Hence, the state update x̂k|k−1 is done by propagating the estimate x̂k−1|k−1 through the nonlinear state equation. In order to
calculate the predicted covariance Pk|k−1 , the state equation is linearized. The Jacobian matrix of f at the state value x is denoted by F
with the component values evaluated as:
Fij (x) =

∂f (xi )
∂xj

(7)

vk = yk − h(x̂k|k−1 )

(8)
T

Sk = H(x̂k|k−1 )Pk|k−1 H(x̂k|k−1 ) + Rk
Kk =

T
Pk|k−1 H(x̂k|k−1 ) Sk−1

(10)

x̂k|k = x̂k|k−1 + Kk vk
Pk|k =

(9)

(11)

Pk|k−1 − Kk Sk KkT

(12)

x̂k|k = x̂k|k−1

(13)

Pk|k = Pk|k−1

(14)

In order to calculate the Kalman gain, Kk , the measurement function
h is linearized similar to the prediction step. The Jacobian matrix of
h at the state value x is denoted by H with the component values
evaluated as:
Hij (x) =

∂h(xi )
∂xj

(15)

2.2. Extended Kalman smoother
By using the EKF algorithm, the state xk is predicted from the
observed sequence y1:k . From the future data, once we have them,
a more accurate state estimation can be accomplished. This is
achieved through the EKS algorithm [1]. The EKS algorithm is also
easy to implement. The recursion is done by going backward in
time. The recursion step begins from k = N − 1.
First, the state is predicted as:
x̂k+1|k = f (x̂k|k )

(16)

and the covariance is predicted by the formula
T

Pk+1|k = F(x̂k|k )Pk|k F(x̂k|k ) + Qk

(17)

The Kalman gain Kk for the smoother is:
T

−1
Kk = Pk|k F(x̂k|k ) Pk+1|k

(18)

Smoother estimates for the state mean x̂k|N and state covariance
Pk|N are found by using the Kalman gain Kk and the filter estimates
of the state mean x̂k|k and the state covariance Pk|k :
x̂k|N = x̂k|k + Kk (x̂k+1|N − x̂k+1|k )
Pk|N =

Pk|k + Kk (Pk+1|N − Pk+1|k )KkT

(19)
(20)

2.3. Parameter estimation and iterative EKS
EKF and EKS can also be used to estimate the parameters of
the system. It is possible to augment the parameters to the state
variables. In this description, the parameters are treated as timevarying variables with small noise perturbations as in [3]. So the
parameter updates become:
!k+1,1 = !k,1 + wk,1

(21)

!k+1,2 = !k,2 + wk,2

(22)

···

(23)

!k+1,p = !k,p + wk,p

(24)
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where ! k,i stands for the i-th parameter at time k, i = 1, 2, · · · , p. The
new state xa,k becomes an extended version of the original state xk .
xk
!k,1
xa,k = !k,2

(25)

..
.

!k,p
For SCKS, Havlicek et al. used the similar technique for parameter estimation [3]. Since we augmented the parameters to the state,
EKS also estimates for the parameters besides the states. At the end
of the EKS algorithm, we obtain an estimate of the parameter set !.
Using the estimates of the parameters ! as the new initial estimate
for the parameters, we iterate the EKS algorithm until convergence
similar to [3].

In this section, we first review the deterministic hemodynamic
model. Following Friston, we then make a nonlinear transformation
to guarantee positive values for the hemodynamic variables [16].
We then perturb the system with white noise to obtain the stochastic representation of the hemodynamic model. As a final step,
we discretize the system by using the Euler-Maruyama method
to obtain the discrete time nonlinear state space model. We also
specify the parameter values and the noise statistics of the hemodynamic model.
The hemodynamic model consists of four dimensional state
transition equations and one dimensional measurement equation.
The hemodynamic model represents the relationship between the
neuronal activity u and the metabolic demands [18]. After the neuronal activity, an increase in the vasodilatory signal h1 is observed.
In proportion to the increase in the vasodilatory signal h1 , an
increase in the blood flow h2 is observed. Subsequently, a change
in the blood volume h3 and the deoxyhemoglobin content h4 is
observed [16]. These quantitative facts are expressed in the following nonlinear dynamic differential equations:
ḣ1 (t) = $u(t) − %h1 (t) − &(h2 (t) − 1)

(26)

ḣ2 (t) = h1 (t)

(27)

ḣ3 (t) = '(h2 (t) − F(h3 (t)))

(28)

!

where

h4 (t)
h3 (t)

x˙1 (t) = $u(t) − %x1 (t) − &(ex2 (t) − 1) + ˇ1 (t)

(33)

x˙2 (t) =

(34)

x˙3 (t) =

3. Hemodynamic model system identification

ḣ4 (t) = ' h2 (t)E(h2 (t))) − F(h3 (t))

The measurement equation relates the observed BOLD signal in
terms of the blood volume h3 and the deoxyhemoglobin content
h4 . For the derivation and justification of this equation, the reader
is referred to [20,9,21].
For arriving at the final discrete time nonlinear state space
model, we first utilize the technique of variable transformation
proposed by Friston [22]. Subsequently, we perturb the model by
white noises. Afterward, we employ the Euler method to derive
the discrete time nonlinear state space representation. In order to
guarantee positive values for the hemodynamic states, we make the
transformation x1 (t) = h1 (t) and xi (t) = log(hi (t)) for i = 2, 3, 4 [16,3],
and we add the white noises. As a result, we work on the following
transformed system of equations for the states:

"

(29)

x˙4 (t) =

x1 (t)

ex2 (t)

+ ˇ2 (t)

'(ex2 (t) − F(ex3 (t) ))

+ ˇ3 (t)

ex4 (t)

(35)

'(ex2 (t) E(ex2 (t) )) − F(ex3 (t) )(ex4 (t) /ex3 (t) ))
ex4 (t)

+ ˇ4 (t)

(36)

By utilizing Euler discretization for the first derivative, we obtain
the following representation of the stochastic nonlinear system for
hemodynamic modeling of fMRI signals:
x1 (t + "t) ≈ x1 (t) + "t($u(t) − %x1 (t) − &(ex2 (t) − 1)) +

x2 (t + "t) ≈ x2 (t) + "t
x3 (t + "t) ≈ x3 (t) + "t

x4 (t + "t) ≈ x4 (t) + "t
+

#

! x (t) " #
1
ex2 (t)

$

+

"tˇ1 (t)

"tˇ2 (t)
+

ex4 (t)

(37)

(38)

% #
'(ex2 (t) − F(ex3 (t) ))

$

#

"tˇ3 (t)

(39)

'(ex2 (t) E(ex2 (t) ) − F(ex3 (t) )(ex4 (t) /ex3 (t) ))
ex4 (t)

"tˇ4 (t)

%

(40)

For the discrete time instants t = tk ! k"t, k = 1, 2, .√
. ., putting
xk+1 = x(tk + "t), xk = x(tk ), uk = u(tk ), yk = y(tk ), and wk = "tˇ(tk ),1
we arrive at the discrete time state space representation of the
form:
xk+1 = f (!, xk ) + wk

(41)
(42)

F(h3 (t)) = h3 (t)1/˛

(30)

yk = h(!, xk ) + vk

E(h2 (t)) =

(31)

where the state transition function f(!, xk ) and the observation
function h(!, xk ) are

1
(1 − (1 − ϕ)1/h2 (t) )
ϕ

Here, the parameter ϕ is denoted as the resting oxygen extraction fraction, and the parameter ˛ is called Grubb’s exponent. The
parameter ' is called the transit time. The parameter % is a measure for the decay of the vasodilatory signal h1 . The parameter & is
the rate constant for the feedback of the blood flow h2 . Finally, the
parameter $ represents the neuronal efficacy factor.
The measurement equation is given by

!

!

y(t) = V0 k1 (1 − h4 (t)) + k2 1 −

"
h4 (t)

h3 (t)

"

+ k3 (1 − h3 (t))

xk,1 + "t($uk − %xk,1 − &(exk,2 − 1))
xk,2 + "t
f (!, xk ) =

xk,4 + "t

(32)

Here the parameter V0 is called the resting blood volume fraction,
and k1 , k2 and k3 are called the intravascular coefficient, the concentration coefficient and the extravascular coefficient, respectively.

xk,3 + "t

$

$

!x
e

k,1
xk,2

"

'(exk,2 − F(exk,3 ))
exk,4

%

'(exk,2 E(exk,2 ) − F(exk,3 )(exk,4 /exk,3 ))
exk,4

(43)

%

√
Here, the scaling factor "t on the&noise standard deviation comes from the
discretization of the stochastic integral dˇt .
1
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Table 1
Parameter values of the hemodynamic state transition equations.

Table 4
RMS state errors: sample mean and standard deviation.

Parameter

Description

Value

Scenario number

%
'
&
˛
ϕ

Rate of signal decay
Hemodynamic transit time
Rate of flow dependent elimination
Grubb’s exponent
Resting oxygen extraction fraction
Neural efficiency

0.65
1.02
0.41
0.32
0.34
0.5

Scenario 1
Scenario 2
Scenario 3
Scenario 4
Scenario 5

$

Table 2
Parameter values of the hemodynamic observation equation.
Parameter

Description

Value

V0
k1
k2
k3

Resting blood volume fraction
Intravascular coefficient
Concentration coefficient
Extravascular coefficient

0.04
7ϕ
2
2ϕ − 2

and
h(!, xk ) = V0

$

k1 (1 − exk,4 ) + k2

$

exk,4
1− x
e k,3

%

%

+ k3 (1 − exk,3 )

(44)

Table 3
Noise statistics and initial values.
Variable

Value

Initial state value X0
Initial state pdf
Initial parameter pdf
Parameter noise w!
Scenario 1: wk , vk

[0 0 0 0]
N(0, 0.01) for each component
N(!true , 1/12) for each component
N(0, 10−5 ) for each component
2
N(0, )w
= "te−16 ) for each state component,
N(0, )v2 = e−12 )
2
N(0, )w
= "te−12 ) for each state component,
N(0, )v2 = e−12 )
2
N(0, )w
= "te−8 ) for each state component,
N(0, )v2 = e−12 )
2
N(0, )w
= "te−8 ) for each state component,
N(0, )v2 = e−11 )
2
N(0, )w
= "te−8 ) for each state component,
N(0, )v2 = e−10 )

Scenario 3: wk , vk
Scenario 4: wk , vk
Scenario 5: wk , vk

0.0070 ± 0.0031
0.0095 ± 0.0026
0.0408 ± 0.0034
0.0433 ± 0.0041
0.0454 ± 0.0051

PF
0.0075 ± 0.0030
0.0098 ± 0.0026
0.0411 ± 0.0035
0.0434 ± 0.0042
0.0455 ± 0.0050

EKS
0.0066 ± 0.0029
0.0092 ± 0.0023
0.0344 ± 0.0028
0.0381 ± 0.0036
0.0423 ± 0.0048

Carlo analysis, we disturbed the initial estimation of the parameters
%, ', & by the variance N(0, 1/12) as done in [3].
Based on the above problem formulation, in the next section, we
perform a detailed comparison of PF, EKS, IEKS, and iterative SCKS
under five different simulation scenarios.
4. Results
4.1. Simulation results

respectively. In the equation above, xk,i for i = 1, 2, 3, 4 denote the
components of the state vector xk .
In the simulations, we took the parameter values of the hemodynamic model and the BOLD signal as shown in Tables 1 and 2 as
in [16]. The input is taken as in [3] as Gaussian bumps with different
amplitudes centered in the time points (10, 15, 39, 48). The length
of the input signal is 64 s. "t is taken as 0.1 s as in [2]. The sampling
interval for the measurement is taken as 1 s.
The noise statistics can be found in Table 3. For the measurement
noise vk , we first used the numerical value e−6 as the standard deviation )v . Note that this corresponds to a noise variance of )v2 = e−12 ,
and it is an equivalent choice to the noise characteristics given in the
histogram plots in [2,10]. We included four more scenarios to test
the robustness and accuracy of the EKS and SCKS methods under
different process and measurement noise conditions as can be seen
from Table 3. For the parameter estimation, we estimated the same
parameters %, ', & as in [3]. As indicated by [3], Grubb’s exponent
˛ and the resting oxygen extraction fraction ϕ were also fixed in
the work of [10]. The reason for focusing on the three parameters
above is that there is conditional dependency among the parameters of the hemodynamic model. This means that the parameters
considered above can account for normal variations in the hemodynamic response function. In effect, this corresponds to fixing
Grubb’s exponent and oxygen extraction fraction to their physiologically expected values [23,3]. Furthermore, we also assumed that
the neuronal efficiency $ is known and taken as 0.5. In the Monte

Scenario 2: wk , vk

EKF

In this section, we perform Monte Carlo simulations under five
different scenarios with different process and measurement noise
conditions. The ground-truth values for all the parameters of the
hemodynamic model defined in Eqs. (41)–(44) are taken as shown
in Tables 1 and 2 [22]. For each scenario, 100 Monte Carlo runs are
performed. In the first set of scenarios 1, 2, and 3, we fix the measurement noise standard deviation to )v = e−6 as in [3] and change
process noise levels. In scenario
√ 1, the process noise standard deviation is as in [3] (i.e., )w = "te−8 ). In scenarios 2 and
√ 3, we try
challenging process noise conditions with )w = "te−6 and
more √
)w = "te−4 . In the second set of scenarios, 3,
√ 4, and 5, we fix
the process noise standard deviation to )w = "te−4 , which is
the value in scenario 3, and change the measurement noise levels. We increase the measurement noise variance to )v2 = e−11 and
)v2 = e−10 for scenarios 4 and 5, respectively.
A priori information about the states are taken as shown in
Table 3 similar to [3]. The state components are all initialized with
0.
In the simulation, for some rare cases, we observed that the second state x2 can go to −∞. This corresponds to 0 for the original
untransformed variable h2 . Since the transformation is of the exponential type, we set a lower limit x2 = −4 (h2 = 0.0183) for each time
step at the filtering step of EKS. The same limit is also applied to the
other variables. The same thing is also done for PF. PF is even more
prone to diverge these limits. The reason is the following: EKF tracks
the mean of the state, which is expected to be in the stable region.
But the PF tries to represent the conditional pdf p(xk |y1:k ), including
the extreme conditions also. For that reason, they are more prone
to diverge for those particles. The same limits are also put for SCKS.
4.1.1. Comparison of the filtering algorithms
In this section, we want to show that the commonly held view
that EKF is not an appropriate filtering algorithm is not right. Johnston et al. [2] compared EKF state estimation with particle filter
and concluded that PF outperforms EKF, and it is stated that EKF
diverges most of the time, and as a result, it is not robust and poor
in performance. We see in this section that, on the contrary, not
only state estimation but also joint estimation of parameter and
state is robust and performs better than PF. In this subsection, we
first compare the EKF and PF state estimation and show that EKF
performs better. In Table 4, the Monte Carlo results of EKF with PF
are compared. In all scenarios, EKF performs better than PF, and it
is robust. The particle number is chosen as 500, which is fivefold
more than the case where the original comparison was made [2].
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Fig. 1. IEKS and importance of iteration.

4.1.2. Performance improvement by EKS over EKF
In the fMRI state estimation literature, extended Kalmantype estimation algorithms are only used in the filtering sense
[2,10]. Even the parameter estimation algorithms which rested
on extended Kalman filter algorithms, rely on the filtering algorithm [10]. In this subsection, assuming that we have known and
fixed parameters, our aim is to estimate the hidden hemodynamic
states by using extended Kalman filter and smoother algorithms.
We show the performance improvement in Table 4. We summarize
the EKF and EKS state estimation errors in RMS. For high process and
measurement noise conditions, the improvement is more apparent.
4.1.3. Joint parameter and state estimation with iterative EKS
A priori information about the parameters are taken as shown in
Table 3 similar to [3]. The state components are all initialized with
0. Note that the initial values of all the parameters are assumed to
be Gaussian distributed around their true values with a variance of
1/12 as in [3]. In the literature, Riera [10] used extended Kalman filter with the discretization proposed by Jimenez et al. [11] without
any iteration. This is the standard usage of EKF and EKS. For that
reason, in this section we also compare the EKS state RMS error
with IEKS utilized in this paper. Fig. 1 also shows the importance of
the iteration. This figure is a typical representative for showing the
decrease of RMS state error with respect to the iteration number.
The example plot is a particular MC mean estimate for scenario 2. By
increasing the iteration number, the RMS state errors are decreased
substantially. The reason that the state estimation improves with
subsequent iterations is that the parameter estimates become progressively more accurate; thereby enabling a better estimation of
the states. Obviously, this performance shows that iterative EKS
outperforms the direct usage of EKS without iteration.
We also summarized the Monte Carlo parameter estimation
results of the algorithms IEKS and iterative SCKS in Tables 5–7 . The
true value for the parameters were % = 0.65, ' = 1.0204 and & = 0.41.
In all five different process/measurement noise levels, for all
parameter values, the accuracy of the estimation of EKS was better
than that of SCKS. Only in one case were they equal. We note that
the bias of the EKS Monte Carlo estimate is less than the bias of the
SCKS case. Similarly, for the state estimation, the error in RMS is
summarized in Table 8. Although the difference was not big, for all
cases, IEKS was better than the SCKS method. Furthermore, it was
much faster than SCKS. Both algorithms are robust under different

Table 5
Simulation results for the parameter % estimates.
Scenario
Scenario 1
Scenario 2
Scenario 3
Scenario 4
Scenario 5

EKS % Estimate

SCKS % Estimate

0.6489 ± 0.0282
0.6494 ± 0.0289
0.6545 ± 0.0556
0.6561 ± 0.0627
0.6560 ± 0.0748

0.6511 ± 0.0280
0.6517 ± 0.0288
0.6580 ± 0.0556
0.6588 ± 0.0630
0.6571 ± 0.0752

EKS % Bias

SCKS % Bias

0.0011
0.0006
0.0045
0.0061
0.0060

0.0011
0.0017
0.0080
0.0088
0.0071

EKS ' Bias

SCKS ' Bias

0.0015
0.0020
0.0168
0.0288
0.0517

0.0078
0.0084
0.0256
0.0374
0.0587

EKS & Bias

SCKS & Bias

0.0016
0.0011
0.0000
0.0012
0.0024

0.0031
0.0027
0.0016
0.0036
0.0058

Table 6
Simulation results for the parameter ' estimates.
Scenario
Scenario 1
Scenario 2
Scenario 3
Scenario 4
Scenario 5

EKS ' Estimate

SCKS ' Estimate

1.0219 ± 0.0739
1.0224 ± 0.0739
1.0372 ± 0.1327
1.0492 ± 0.1665
1.0721 ± 0.2266

1.0282 ± 0.0740
1.0288 ± 0.0740
1.0460 ± 0.1335
1.0578 ± 0.1679
1.0791 ± 0.2277

Table 7
Simulation results for the parameter & estimates.
Scenario
Scenario 1
Scenario 2
Scenario 3
Scenario 4
Scenario 5

EKS & Estimate

SCKS & Estimate

0.4116 ± 0.0092
0.4111 ± 0.0092
0.4100 ± 0.0164
0.4112 ± 0.0182
0.4124 ± 0.0219

0.4131 ± 0.0093
0.4127 ± 0.0092
0.4116 ± 0.0165
0.4136 ± 0.0184
0.4158 ± 0.0221

measurement noise conditions. As expected, by increasing the
measurement noise, the gradual decrease of the performance of
the estimates is observed. The bias and sample variance estimates
are increased by increasing the process and measurement noise
variance.
Table 8
RMS state errors: sample mean and standard deviation.
Scenario number
Scenario 1
Scenario 2
Scenario 3
Scenario 4
Scenario 5

EKS
0.0128 ± 0.0038
0.0140 ± 0.0035
0.0374 ± 0.0046
0.0418 ± 0.0053
0.0483 ± 0.0071

SCKS
0.0130 ± 0.0039
0.0143 ± 0.0036
0.0376 ± 0.0047
0.0420 ± 0.0054
0.0486 ± 0.0074
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Fig. 2. Real BOLD data is collected from the motion sensitive area V5. Time interval "t is in the duration of the sampling time TR = 3.22 s. The first 256 samples were used for
model inversion.

4.2. Discussion
In the fMRI inversion literature a key paper [2] has asserted that
EKF is not a robust method for state estimation, and its performance was poor compared with PF. In this paper, we examined
EKF for a variety of noise conditions and concluded that this is
not the case. It even performed better than particle filter. We take
fivefold more particles than the paper, which makes that assertion. Standard particle filters were alleged to perform better than
the other hemodynamic state estimation algorithms. In this paper,
we concluded that, on the contrary, EKF performed better than the
other filtering algorithms. The reason is that standard particle filters
use a nonoptimal proposal function, which degrades the performance. There is still room for particle filters, which may use more
sophisticated proposal functions.
In this paper, the importance of the smoothing for both the
hemodynamic state and the parameter estimation is emphasized. The extended Kalman filter is modified by incorporating the
smoother. For fixed hemodynamic parameters, we checked the
state estimation improvement for various noise conditions. Especially for higher conditions, the improvement was more apparent.
We note that extended Kalman-type algorithms in the fMRI literature were not used with smoothing up to now [10,2].
The standard application of the filtering and smoothing is performed only once. By iteratively calling EKF and EKS after each new
parameter estimate, we noticed the huge improvement over noniterative usage. This improvement is shown in Fig. 1. EKS is just
the special case of IEKS with just one iteration. Like Havlicek et al.
[3], treating the parameters as time-varying variables by adding
artificial dynamics, the joint state and parameter estimation of the
hemodynamic model is performed by EKS in this paper. Havlicek
et al. compared the iterative usage of SCKS with DEM and concluded that SCKS is more accurate in their paper [3]. In this report,
IEKS is compared with iterative SCKS under different noise conditions. The first scenario we used has the same noise conditions as
in [3]. This model has a very low process noise covariance. Even in
this condition, our method was more accurate for both the state
and the parameter estimation. Overall, both methods were good.
For low process and measurement noise, it is quite reasonable to
approximate the densities by Gaussian pdf, because the system is
almost deterministic. As a result, we expect that EKS and SCKS
perform well. However, in nonlinear systems, even the additive

noise is Gaussian; the conditional pdfs p(xk |y1:k ) and p(xk+1 |y1:k )
actually deviate from the Gaussian assumption. The higher the
covariances of the noises, the more severe these conditional pdfs
deviate from the Gaussian assumption. We tested the algorithms
under five different process/measurement noise conditions. IEKS
was more accurate than iterative SCKS for both parameter and state
estimation for all cases.
Besides the ease of implementation of EKS, it was also much
faster than SCKS. EKS is around 2.3 times faster than SCKS.
So overall, as asserted, EKF is not an unreliable model inversion
method. It is better than the alleged most successful algorithm PF.
The iterative EKS is substantially more accurate than the formerly
used EKF-type algorithms in the fMRI model inversion literature.
EKS is robust under a wide range of noise conditions. EKS is faster
and has lower parameter bias and more accurate state estimation
than the SCKS method, which seems to work best among the current fMRI model inversion methods [3] for all the noise levels we
worked.
5. Application to real data
5.1. Background information: test setup and BOLD data
In this section, we want to show the validity of the IEKS method
on a real BOLD dataas shown in Fig. 2. This data was also used by
Friston et al. to show the practical applicability of their model inversion methods DEM, variational filter (VF) and generalized filter (GF)
[15–17].2
The BOLD data was collected from the motion sensitive area V5
[15–17]. During the test, the subject was exposed to 5 different conditions. The first one was to allow for magnetic saturation effects
[15–17]. In the second one called “Fixation”, subject was viewing
a fixation point in the screen. In the third one called “Attention”,
subject was viewing 250 dots. Those dots were moving radially by
4.7◦ from the center. At the same time, the subject was supposed
to detect the changes in radial velocity. In the fourth one called
“No Attention”, the subject just viewed the moving dots. In the fifth
one, the person was supposed to view the stationary points. During

2
We thank Professor Karl Friston for his kindness to give us permission to use the
BOLD data.
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Fig. 3. In this setup, the person was exposed to 3 different neuronal inputs. They are Vision, Motion and Attention. Those neuronal inputs are modeled as boxcar functions.
During the test, the person was subject to 5 different conditions. Those are Saturation, Fixation, Attention, No Attention and Motion View. Depending on the condition, for
each neuronal input, we have the value of either 1 or 0. However, following Friston et al. [15–17], DC values of the inputs are removed.

Fig. 4. In this figure, we show the simulations which converge to global optima ! g . Specifically, we estimate the parameter set ! = [$1 , $2 , $3 , %, ', &]. The converged global
optima is ! g = [0.1024, 0.2102, 0.0175, 0.7285, 0.4981, 0.6460].

the entire test, the subject was exposed to the fixation and visual
stimulus conditions in an alternatively.
Friston et al. [15–17] modeled these five different conditions as
a combination of 3 different neuronal inputs. The first one is visual
stimulus, the second one is motion stimulus and the third one is the
attention stimulus represented by u1 , u2 and u3 , respectively. Each
neuronal input is modeled by boxcar functions. For example for
the third condition “Attention”, in those time instants u1 , u2 and u3
have all the value 1. The reason is that in the “Attention” condition
the person is supposed to view, track the motion and shall attend
the changes in radial velocities. In the “No attention” condition u1 ,
u2 and u3 are 1, 1 and 0, respectively. The reason is that in this
condition the person views, tracks the motion but there is nothing
for attention. In the fifth condition u1 , u2 and u3 are 1, 0 and 0. The
reason is that there is visual stimulus, but the dots are not moving
and there is nothing for the attention. Similarly, in the “Fixation”
condition u1 , u2 and u3 are all 0. One further note is that Friston
et al. [15–17] have the real BOLD signal with DC value 0, for that

reason he removes the DC values from u1 , u2 and u3 . As a result,
they used the neuronal input sequences depicted in Fig. 3 [15–17].
5.2. Extended hemodynamic model for multi-input system
Since we have in this setup a rather complicated multi-input
system, we extend the nonlinear hemodynamic system to the following nonlinear differential equation system.
ḣ1 (t) = $1 u1 (t) + $2 u2 (t) + $3 u3 (t) − %h1 (t) − &(h2 (t) − 1)

(45)

ḣ2 (t) = h1 (t)

(46)

ḣ3 (t) = '(h2 (t) − F(h3 (t)))

!

ḣ4 (t) = ' h2 (t)E(h2 (t)) − F(h3 (t))

(47)

"
h4 (t)

h3 (t)

(48)

Here $1 , $2 and $3 are the neuronal efficiency factors for the
neuronal inputs u1 , u2 and u3 , respectively. In this setup, $1 , $2 and
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Fig. 5. In this figure, we show the simulations which converge to global optima. For every iteration, the RMS error of the prediction is shown. At every step, the RMS errors
are decreasing. After around 25 iterations, the algorithm converges.

Fig. 6. In this figure, we show the simulations which converge to local optima. Specifically, we estimate the parameter set ! = [$1 , $2 , $3 , %, ', &]. The converged local optima
is ! l = [0.0329, 0.0776, 0.0091, 0.6349, 2.2990, 0.2381].

$3 give information how much the selected brain region is sen-

sitive to vision input u1 , motion input u2 and attention input u3 ,
respectively.
In order to have a best estimate for the parameter set ! = [$1 , $2 ,
$3 , %, ', &]. We performed a Monte Carlo simulation and began with
different initial parameter sets. The initial parameter set and noise
conditions are chosen according to Table 9.

Table 9
Noise statistics and initial values.

5.3. Results: IEKS model inversion
In this section, we apply the IEKS method to the BOLD data.
We perform Monte Carlo simulation with 100 runs to estimate the
parameters. The initial parameter set ! = [$1 , $2 , $3 , %, ', &] is chosen
according to the prior statistics given in Table 9. We iterate until
the algorithm converges. The IEKS algorithm converged to 2 values
which are global and local optima. We call the two parameter set
as ! g and ! l .
!g = [0.1024, 0.2102, 0.0175, 0.7285, 0.4981, 0.6460]

(49)
(50)

Variable

Value

!l = [0.0329, 0.0776, 0.0091, 0.6349, 2.2990, 0.2381]

Initial state value X0
Initial state pdf
Initial parameter pdf
Initial parameter pdf

[0 0 0 0]
N(0, 0.01) for each component
N(0, 1/12) for $1 , $2 , $3
N(0.65, 1/12), N(1.02, 1/12), N(0.41, 1/12)
for %, ', & respectively
N(0, "t10−8 ) for each component
2
N(0, )w
= "te−8 ) for each state component
N(0, )v2 = e−12 )

When we note the neuronal efficiency factors $1 , $2 and $3 , we
observe close resemblance of the converged sequences to the ones
reported by Friston et al. [15–17]. Both ! g and ! l shows the neuronal
activation most for $2 which corresponds for the “Motion” condition. Somewhat for $1 which corresponds to the “Vision” condition
and almost nothing for the “Attention” condition. The difference is
in the strength.

Parameter noise w!
Process noise: wk
Measurement noise: vk
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Fig. 7. In this figure, we show the simulations which converge to local optima. For every iteration, the RMS error of the prediction is shown. At every step, the RMS errors
are increasing. After around 200 iterations, the algorithm converges.
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Fig. 8. BOLD signal change with respect to % change. % is changed in the interval [0.35;1.05].
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Fig. 10. BOLD signal change with respect to & change. & is changed in the interval [0.21;1.01].

BOLD Signal vs time

15

input
BOLD Signal

BOLD Signal

10

5

0

−5

0

100

200

300

time index

400

500

600

Fig. 11. BOLD signal change with respect to $ change. $ is changed in the interval [0.01;0.51].

For each simulation and at every iteration, RMS error in the BOLD
signal prediction is evaluated according to the formula.

'
( N
( 1 *+
+
+yk − yp +2
erms = )
N

k

(51)

k=1

p

where yk and yk is the real and predicted BOLD signal, respectively.
RMS errors for global optimum value are lower than the ones
for local optimum. Furthermore, at every iteration, the global optimum RMS values are improved, whereas the local optimum RMS
errors are getting worse. The parameter estimates which converge
to global optima and local optima are shown in Figs. 4 and 6. Similarly the RMS errors in prediction can be seen in Figs. 5 and 7.
5.3.1. Parameter sweep and the BOLD signal
In this section, we want to observe the changes in the
hemodynamic state variables and the BOLD signal with respect

to the parameter changes. We let the parameter values as in
Tables 1 and 2. We sweep the parameters for % in the interval [0.35
1.05], ' in the interval [0.32 2.32], & in the interval [0.21 1.01], $
in the interval [0.01 0.51]. Those intervals contain the widely used
parameter regimes used in the literature [15–18,10,13]. Figs. 8–11
the BOLD signal change with respect to the parameters %, ', &, $,
respectively.

5.4. Discussion
In this section, we discuss the results in detail. For the global
optima, the IEKS method converged to the parameter set ! g . When
we check to which inputs the selected region is most sensitive,
we observe that $2 is, as expected, significantly bigger than $1 and
$3 . This result is in close agreement with Friston et al. [15]. They
used DEM for model inversion. As here, they have relatively high
$2 estimated region. We also visualize the results in Fig. 12. We
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Fig. 12. In this figure, the estimated neuronal efficiency factors $1 , $2 , $3 are shown. These factors are associated with neuronal inputs “Vision” u1 , “Motion” u2 and “Attention”
u3 . $2 gives information about how much the selected brain region is responsive to the motion input. The selected region was the motion sensitive area V5. The results are
very similar to the work of Friston et al. [15].

Fig. 13. In this figure, we show the importance of the parameter variance. Plots are taken from the converged global optimum ! g . We chose the variance small enough
2
= "te−8 ) to ensure fixed value for the parameter estimate throughout the time index. As can be seen from the graph, the parameter is a rather fixed value as desired.
()w

observe almost nothing for $3 for the “Attention” case. The similar
moderate result for $2 is found for the “Vision” condition.
Interestingly, for the local converged sequence, we have similar
estimates to the Friston et al. [17] where they used GF algorithm.
Their estimates for the neuronal efficiency coefficients $1 , $2 , $3 are
in close agreement with the ones for ! l .
One note to our observations is we have multi-modal convergence. In Section 5.3.1, we plotted the BOLD response changes
with respect to the parameter changes. When one begins with an
arbitrary set of ! value then the first predicted BOLD response is
quite different from the real one. The amplitude of the response is
changed by either changing $ value or & value. Assuming the first
predicted BOLD response is low in amplitude, in order to decrease
the error, the most reasonable change is either having higher $ or
lower & value. This is exactly seen in the difference of the ! g and ! l
values. For the local optima ! l , the low strength in the $ parameters
are compensated by the low & value. According to our observation,

the methods of Friston et al. converged either to the local or global
optima depending on their initial condition [15,17].
DEM, VF and GF of Friston et al. [15–17] rest on a prior pdf for
the parameters. They impose some predefined pdf with some prior
mean and variance statistics. For that reason, we think that the
algorithm may be more dependent on initial estimate. For testing
this, we also initialized the ! value to the prior means of Friston et al.
[17] with ! = [0, 0, 0, 1.2, 2.14, 0.31]. With this initial parameter set
!, we ended as expected to the local optima which is in accordance
with GF result [17].
Now, we turn our focus to the importance of the parameter
variance to see more insight of the IEKS algorithm.

5.4.1. Parameter variance and convergence
When applying IEKS, we chose the parameter variance as
N(0, "t10−8 ) for each parameter. We should note that we treat
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2
Fig. 14. In this figure, we show the simulations which converge to global optima ! g . This time parameter variance is )w
= "te−6 . It is 100 times more the previous one.
Specifically, we estimate the parameter set ! = [$1 , $2 , $3 , %, ', &].

RMS Error vs Iteration Number, Large Parameter Variance
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Fig. 15. In this figure, we show the simulations which converge to global optima. This time parameter variance is )w
= "te−6 . It is 100 times more the previous one. For
every iteration, the RMS error of the prediction is shown. At every step, the RMS errors are decreasing. After around 25 iterations, the algorithm converges.

the parameters as artificially varying variables with small enough
steps.
!k+1,1 = !k,1 + wk,1

(52)

!k+1,2 = !k,2 + wk,2

(53)

···

(54)

!k+1,p = !k,p + wk,p

(55)

Having small variance is important. When the algorithm converges,
we prefer a rather fixed value throughout the time index. For the
converged parameter sequence, the end result of the IEKS algorithm
looks like in Fig. 13.
Let us now see what happens if we increase the parameter variance. We performed again Monte Carlo simulations. We chose, in
this case, perturbation as N(0, "t10−6 ). Now, there is an interesting fact here. We have only 1 optima. All the parameters converge
to the same ! = [0.0055, 0.2452, 0.0459, 0.7643, 0.4735, 0.7320].

Figs. 14 and 15 show the convergence of the runs with different
initial conditions. One thing we note is the convergence speed is
increased. In less than 15 iterations, the algorithm converged.
We have the following important observation. Having increased
parameter variance seems to force the IEKS method to search in a
wider parameter region, which eased IEKS to escape from the local
optima. However, this is at the cost of loosing the precision. To see
this fact, we also plot the parameter estimates over the time index.
Fig. 16 shows the fluctuation of the parameter estimate around the
global optima.
Although we solved the parameter identification problem in the
former section completely, in the next subsection we will perform
an interesting refinement to the algorithm.
5.4.2. IEKS switched parameter variance
In nonlinear systems, it is quite often that there exists multimodal optima. In our case, for low parameter noise case, IEKS
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Fig. 16. In this figure, we show the importance of the parameter variance. This time, parameter variance increased to the value "t10−6 . We run the IEKS algorithm until
convergence. For the converged !, we plot the parameters over time index. There is only one optima, but we have lost the fixedness in time. The parameters fluctuate around
the global optima point.

2
Fig. 17. In this figure, we show the convergence of the parameters when applying the switched parameter variance. First IEKS begins with high parameter noise ()w
= "te−6 ).
2
After the iteration number 10 we have the parameter noise variance as ()w
= "te−8 ). This way, IEKS converged to the same global optima as in the low parameter variance
case. There is only one optima. Furthermore, IEKS converged fast.

converged also to local optima. By performing multiple runs we
could identify the global optimum. We verified that the converged
one also has fixed value through time index. One other observation was having high parameter noise enables IEKS to search for
wider parameter regime. As a result, IEKS could escape the local
optima. However, when IEKS converges then parameter is not fixed
as desired. It fluctuates around the global optima. At this point, we
suggest a very simple modification to the algorithm. First begin
with the high parameter noise, subsequently switch to the low
parameter noise. We performed this switch at the iteration number 10. As a result, we have a very nice result which is shown in
Fig. 17.
This way, our algorithm converged to the same global optima
as in the low parameter noise condition for all initial conditions.
There is no more local optima. At the switch time, we see the further
improvement in the estimation. As a result, in less than 15 iteration

numbers, IEKS converged to the true global optima irrespective of
the initial condition.

5.4.3. Estimated hemodynamic variables
At this point, we will check the estimated hemodynamic variables at the global optima of the parameter set. Following Friston
et al. [15–17] and Havlicek et al. [3] we plot the signal h1 and logtransformed hemodynamic variables blood flow h2 , blood venus
volume h3 and blood deoxyhemoglobin content h4 . The result is
shown in Fig. 18. During stimulus instances, an increased blood
flow is observed. Subsequently, blood venus volume is increased. At
first, initial dip of deoxyhemoglobin is also observed. Those results
are in agreement with theory and with Friston et al. [15–17].
By using the predicted hemodynamic variables, we calculated
the predicted response and plotted the prediction error in Fig. 19.
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Estimated Hemodynamic Variables vs time
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Fig. 18. In this figure, we show the estimated hemodynamic variables which converged at the global optima ! g . The graph is in accordance with theory and previous results
in the fMRI literature. During stimulus instances, an increased blood flow is observed. Subsequent the change in the increased flow, blood venus volume is increased and
initial dip of deoxyhemoglobin content is observed.

Real BOLD and Predicted BOLD Signal vs time
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Fig. 19. In this figure, we show the prediction error in the BOLD signal. Here sampling interval is "t = 3.22 s. The real BOLD signal is plotted by the blue color, whereas the
prediction error is plotted by red color. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

6. Conclusion
In this paper, the iterative extended Kalman smoother method
is implemented for the fMRI model inversion. Current extended
Kalman-type fMRI model inversion algorithms work only in the filtering sense. Furthermore, it was asserted that EKF is not robust and
poor in performance. We compared EKF with other filtering methods under a variety of process and measurement noise conditions
and concluded that the contrary is true. By utilizing smoothers, we
noticed improvement for the hemodynamic state estimation in a
wide range of noise conditions. Especially in the higher noise conditions, the improvement was more profound. Furthermore, the
joint state and parameter estimation of the hemodynamic model
was performed by treating the parameters as time-varying variables. Even the joint estimation of the parameters and states was
robust by using the iterative EKS algorithm. The IEKS algorithm is

compared with EKS and the iterative square-root cubature Kalman
smoother algorithm for different process and measurement noise
conditions. In all conditions, IEKS outperformed the noniterative
case. IEKS was also more accurate than the iterative SCKS method
in terms of lower parameter bias and lower state RMS error. EKS is
also more than twice faster than SCKS. We also implemented the
algorithm for a real fMRI data set. Since SCKS is known to be the
most accurate model inversion technique, the IEKS algorithm is a
powerful and robust alternative to the former fMRI model inversion
techniques.
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