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Abstract

Objective. In this paper, we aimed for the robust estimation of the parameters and states of the
hemodynamic model by using blood oxygen level dependent signal. Approach. In the fMRI
literature, there are only a few successful methods that are able to make a joint estimation of the
states and parameters of the hemodynamic model. In this paper, we implemented a maximum
likelihood based method called the particle smoother expectation maximization (PSEM)
algorithm for the joint state and parameter estimation. Main results. Former sequential Monte
Carlo methods were only reliable in the hemodynamic state estimates. They were claimed to
outperform the local linearization (LL) ﬁlter and the extended Kalman ﬁlter (EKF). The PSEM
algorithm is compared with the most successful method called square-root cubature Kalman
smoother (SCKS) for both state and parameter estimation. SCKS was found to be better than the
dynamic expectation maximization (DEM) algorithm, which was shown to be a better estimator
than EKF, LL and particle ﬁlters. Signiﬁcance. PSEM was more accurate than SCKS for both the
state and the parameter estimation. Hence, PSEM seems to be the most accurate method for the
system identiﬁcation and state estimation for the hemodynamic model inversion literature. This
paper do not compare its results with Tikhonov-regularized Newton—CKF (TNF-CKF), a recent
robust method which works in ﬁltering sense.
Keywords: hemodynamic model, particle ﬁlters, particle smoothers, expectation maximization
(Some ﬁgures may appear in colour only in the online journal)

1. Introduction

between the subjects, between different regions of the same
subject [3–5]. The estimation of the parameters of this
response can be achieved either via modeling it as gamma
functions [6] or via describing the system as a set of nonlinear
stochastic differential equations [7–9].
In this paper, we will be dealing with the problem of
estimating the hemodynamic states: blood ﬂow, blood
volume, blood deoxyhemoglobin content and hemodynamic
model parameters. Our approach will be based on the
hemodynamic nonlinear dynamical system representation.
Given the model, we will estimate the hemodynamic states
and the parameters conditioned on the observed BOLD

A major challenge in many neuroimaging techniques is the
accurate estimation of the parameters of the neuronal response
measured by these methods. While EEG offers direct access
to the neuronal response, fMRI provides an indirect measure
of this response via the blood oxygen level dependent
(BOLD) signal [1, 2]. In the BOLD signal, a nonlinear
combination of the hemodynamic variables is measured: the
blood ﬂow and the blood deoxyhemoglobin content [3] that
lasts several seconds and ﬁnally decays to its steady state
value [4]. This hemodynamic response is not identical
1741-2560/16/046010+16$33.00
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signal. More precisely, we will formulate the problem as a
discrete-time state-space system:
x k + 1 = f (q , x k ) + w k ,

(1 )

yk = h (q , xk ) + vk ,

(2 )

following widely used concepts that are repeatedly used in
estimation theory:
(1) Filtering: p (xk ∣ y1: k ).
(2) Smoothing: p (xk ∣ y1: N ).
(3) Joint Smoothing: p (x1: N ∣ y1: N ).
In the ﬁltering problem, for the time step k, we only take
account of the measurements up to the time k. By using these
observations, we calculate p (xk ∣ y1: k ). After each new
measurement yk + 1, we update the conditional probability
density function (pdf) p (xk + 1∣ y1: k + 1). In the ﬁltering, we do
not use the information contained in the future observations
yk + 1: N for the state x at time step k. In the case of smoothing,
we consider all observed sequences. By use of the future data,
we have more accurate state estimations, however with a cost
of additional computation.
In this paper, we are focusing on the joint smoothing. In
the joint smoothing, we not only ﬁnd the conditional pdf for
speciﬁc time instances, but also try to obtain a total
representation of the conditional pdf of the states
p (x1: N ∣ y1: N ). In this paper, we need this type of smoothing
because the parameter estimation step necessitates to have a
form of conditional pdf p (x1: N ∣ y1: N ). How we obtain
p (x1: N ∣ y1: N ) by the use of the particle smoothers is detailed
in the material and methods section.
Considering the problem on the extended space of y1: N
not only decreases the error in predicting the states, but also
improves the estimation of the system parameters. This is of
course at the cost of more computation. As explained before,
the computation of the joint pdf p (x1: N ∣ y1: N ), smoothing
expression p (xk ∣ y1: N ) and ﬁltering expression p (xk ∣ y1: k ) is not
analytically possible most of the time. We will need
approximations for them. In the coming sections, we will
see the approximate techniques to compute these expressions.
These techniques are broadly categorized in two parts, which
are called Gaussian approximated and stochastic Inference.

where, f and h are nonlinear functions of the latent
hemodynamic state xk at time k. The state is a vector
xk Î 4 . The BOLD signal at time k is described as yk Î .
The state transition noise wk is Gaussian with  (0, Qk ) and
the measurement noise vk is Gaussian with  (0, Rk ). It is
important to note that our approach is not restricted to
Gaussian noise and the inference algorithm we used is also
applicable to non-Gaussian noises. By θ, we describe the set
of parameters of the hemodynamic model. Having N
observations y1, y2, , yN or y1: N , we want to estimate ﬁrst
the optimal parameters q* that maximize the log-likelihood
log ( y1: N ∣q ). Consequently, given the estimated parameters q*
and the observation sequence y1: N , we will ﬁnd the posterior
distribution p (x1: N ∣ y1: N , q*) from which we estimate the
posterior mean for the hemodynamic states E (x1: N ∣ y1: N ).
1.1. Estimation techniques

In this section, we provide a review of state and parameter
estimation techniques. We ﬁrst overview the state variable
estimation under the known parameters of the system
dynamics. We classify the algorithms under the Gaussian
approximated and stochastic inference techniques. In the
subsequent section, we review the joint state and parameter
estimation which is a more challenging problem. When
explaining the methods, we give at the end of the related
subsections the scientiﬁc works done in the fMRI model
inversion literature.
1.1.1. State estimation techniques. Stochastic nonlinear

models are typically difﬁcult to work in terms of estimating
the states and system parameters. The following factors are
the challenging problems to resolve:

1.1.2. Gaussian approximated inference. In this subsection,

we review the Gaussian approximations to the ﬁltering and
smoothing problems. For Gaussian noise perturbed linear
systems, the Kalman ﬁlter algorithm works in optimal sense
for ﬁltering problems [10]. For this case, we have the
remarkable property that ﬁltering densities are found to be
Gaussian:

(1) The characteristics of the noise.
(2) The nonlinear nature of the system.
(3) Gradual increase of space dimension by the addition of
each new observation.
Since there is noise in the system, there is no unique answer
to the problem to ﬁnd the real hidden data x1, x2, ¼, xN or x1: N
from the observation sequence y1, y2, ¼, yN or y1: N . The
solution to this problem is expressed in terms of the posterior
probability distribution, denoted as p (x1: N ∣ y1: N , q*). This
quantity tells about the probable hidden states given the
observations.
Once we have that expression, we can estimate the state
sequence by taking the expectation of the variable x1: N with
respect to this probability distribution:
 [x1: N ] =

ò x1:N p (x1:N ∣ y1:N ) dx1:N .

p (xk∣ y1: k ) =  (xˆk∣ k ; Pk∣ k ) .

(4 )

That means that the conditional pdf of xk given the
measurements up to time k is again a Gaussian with mean
x̂k k and covariance Pk k . The Kalman ﬁlter algorithm just
updates the mean and covariance statistics of the Gaussian
probability density function. For the smoothing density, it is
again found that p (xk ∣ y1: N ) is a Gaussian probability density
function [11]. Similarly, the Kalman smoother algorithm just
updates recursively the mean and covariance statistics. As a
result, we have the optimal solution for ﬁltering and
smoothing problems for Gaussian noise added linear systems.
For nonlinear systems, the ﬁrst group of Gaussian
approach approximates the ﬁltered density function as

(3 )

This result is the expected state conditioned on the
observation sequence y1: N . At this point, we give the
2
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and associated weights [23]. Monte Carlo methods aim to
draw samples from complex target density functions p (x ). As
a result, we represent the target function p (x ) with a discrete
set of samples [24]

Gaussian density function. This time, we have the approximation
p (xk∣ y1: k ) »  (xˆk∣ k ; Pk∣ k ) .

(5 )

The extended Kalman ﬁlter (EKF) linearizes the nonlinear system around the predicted estimates of the state [12].
After linearization, the same update rules are applied as in the
Kalman ﬁlter algorithm. For smoothing, a similar methodology is used [13]. The resulting algorithms are called EKF and
smoother algorithms.
In the unscented Kalman ﬁlter (UKF), the conditional
p (xk ∣ y1: k ) is again approximated by a Gaussian density
function. Furthermore, the Gaussian density is approximated
by properly chosen deterministic points, called sigma points
[14]. The sigma points are chosen such that the mean and
covariance of the assumed Gaussian density are matching the
ones calculated from the sigma points [15, 16]. In UKF, the
nonlinear function is not approximated as in EKF; in contrast,
the sigma points are directly propagated through the nonlinear
functions. For UKF, there exists also a smoothing algorithm
to decrease the error in state estimation [17].
A recent method called the cubature Kalman ﬁlter (CKF)
is very similar to UKF. CKF also uses deterministically
chosen points, called cubature points, as in UKF. Actually,
cubature points can be obtained as a special case of UKF’s
sigma points [18].
For the Gaussian approximated inference algorithms,
there are several approaches in the fMRI literature. At ﬁrst,
zero state noise was assumed in the state update equations [7].
Under this condition, Friston et al modeled the relation
between the input and output by Volterra kernels [7]. Later,
Friston utilized a Bayesian estimation technique for hemodynamic system identiﬁcation [19]. First, Riera et al [2]
introduced non-zero state noise for the hemodynamic state
equations. They utilized a type of EKF, which used
discretization proposed by Jimenez et al [20]. First, Hu
performed UKF for the joint hemodynamic parameter and
state estimation. However, both Hu et al and Riera et al
utilized these algorithms in the ﬁltering sense. One other
interesting method which works in the ﬁltering sense is
Tikhonov-regularized Newton—cubature Kalman ﬁlter
(TNF-CKF) proposed recently by Khoram et al [21, 22].
This method is reported to be robust under high measurement
noise conditions. In a near time, Havlicek et al implemented
square-root CKF and smoother for the hemodynamic state
and parameter estimation. They improved the estimation
performance by the use of smoother [3].

p (x ) =

1
N

N

åd ( x - x i ) .

(6 )

i=1

But most of the time, it is impossible to draw samples
directly from complex density functions. The main algorithm
to achieve this is called importance sampling, which lies at
the hearth of the particle-type algorithms [24]. Importance
sampling is performed by sampling from a known and easyto-sample importance function q(x). This necessitates compensating the weight due to discrepancy between the true
density and the importance function. As a result, we have the
following practically feasible form for generating samples:
p (x ) =

N

åwi d (x - xi) ,

(7 )

i=1

where wi = p (xi ) q (xi ) and xi generated from q(x) [24].
The good point of importance sampling is, if we have a
test function f, then we can make the approximation for
large-enough N:
N

wi f (xi ) .
ò f (x ) p (x ) d x » å
i=1

(8 )

This is because bias and variance decreases asymptotically with increasing N [24].
The importance sampling algorithm can be easily
modiﬁed for gradually increasing space dimensions. This is
important, since in dynamical systems with each coming
sequence, our space dimension increases. To handle such
situations, the importance function is chosen so that it can be
factorized as
qk+ 1 (x1: k+ 1) = qk (x1: k ) qk+ 1 (xk+ 1∣x1: k ) .

(9 )

This expression tells us how to sample for the new dimension
xk + 1. Having the previous sample points x1: k , we just use the
expression q (xk + 1∣x1: k ) to sample for the new points. The
weights are updated according to [24]:
wk + 1 = wk

pk+ 1 (x1: k+ 1)
.
pk (x1: k ) qk+ 1 (x1: k+ 1∣x1: k )

(10)

This algorithm, called sequential importance sampling, has in
practice a serious problem. After some time, only one of the
weights of the particles becomes signiﬁcant. As a result,
practically there is only one sample that represents the
conditional pdf [25]. This is a serious problem. To remedy
this, Gordon proposed a resampling step and used the ﬁrst
working type of SMC methods [23, 24]. In the resampling
stage, from the unevenly distributed weighted samples, a new
set of samples are obtained. By using this technique, we
obtain a more stable approximation for successful estimation.
The above framework we explained is SMC, which
works on a general setting. We did not specify the form of

1.1.3. Stochastic inference. For stochastic inference, there

are two broad categories of algorithms: Markov chain Monte
Carlo methods and sequential Monte Carlo (SMC) methods.
Since we deal with dynamical systems, in this paper, we
prefer to concentrate on SMC methods. We also give a
literature survey about SMC methods used in fMRI at the end
of this subsection.
Particle ﬁlters are SMC methods that approximate the
conditional density functions by a ﬁnite amount of particles
3
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maximizes the likelihood p ( y1: N ∣q ) or log-likelihood
log p ( y1: N ∣q ). However, in a nonlinear dynamical system, it
is not possible to calculate the analytical expression of
log p ( y1: N ∣q ). So it is not possible to ﬁnd the θ that maximizes
it directly. A remedy for this is to augment hidden data and
integrate over the hidden data

pk (x1: k ). Those were the target densities we tried to
approximate. Particle ﬁlter is just a special realization of the
above SMC formulation for pk (x1: k ) = p (x1: k ∣ y1: k ) [24]. So
this is a crude form of smoother, although we used the term
particle ﬁlter [26]. This has an important reason. Although we
use the resampling stage to have a practically working particle
ﬁlter, there is still an inherent problem in the particle ﬁlters.
This problem is called ‘degeneracy problem’ [24, 26]. When
we keep track of the history of the particles, we see that
p (xk ∣ y1: N ) is represented only by just one particle for k  N
[26]. This is obviously a bad approximation for a smoother
algorithm. For a detailed discussion of the degeneracy
problem inherent in the particle ﬁlters, please refer to [26].
As a result, direct usage of the particle ﬁlter as a smoother
suffers serious drawbacks. To improve the state and
parameter estimation of this problem, we use the particle
smoothers as in [26]. We also show the substantial
improvement in estimation when we use the particle
smoothers in the context of hemodynamic model systems.
In the fMRI literature, Johnston et al [1] used direct
usage of the particle ﬁlters and claimed that it outperforms
EKF and local linearization (LL) ﬁlter. But for a more
accurate state estimation and to have a robust parameter
estimation, we need to elaborate more on particle smoothers.
There are several methods proposed for these [27] and also
applied in the fMRI literature [28]. Here, we use backward
simulation type particle smoothers [26], which are detailed in
the material and methods section.

p ( y1: N ∣q ) =

ò pq (x1:N , y1:N ) dx1:N .

(11)

But even in this case, it is not easy to maximize it. An
interesting solution to this is to maximize iteratively the
alternative function  , which includes these hidden data and a
previous estimate of the θ
 (q , q ¢) =

ò log pq (x1:N , y1:N ) pq ¢ (x1:N ∣ y1:N ) dx1:N .

(12)

This method is called expectation maximization (EM)
proposed by Dempster [30]. The interesting thing is, that this
new θ is also a better estimate for our original function
p ( y1: N ∣q ). EM is used by Schon et al [31] in the particle
ﬁlter/smoother context. Lindsten and Schon obtained an
efﬁcient implementation of EM [26] by using backward
simulation type particle smoothers.
In this paper, we aim to show that this particle ﬁlter/
smoother combined EM (PSEM) is also applicable for fMRI
model inversions. We will compare the performance with the
recently proposed SCKS algorithm under normal process and
measurement noise situations. Johnston et al [1] performed
similar studies for the joint estimation of parameters and
states where they tried to maximize the expression
p (q, x1: N ∣ y1: N ) with respect to both x1: N and θ by applying
an iterative scheme. First, assuming a θ value, they maximize
with respect to x1: N ; then based on the new x1: N , they
maximize θ. Johnston et al made here an approximation.
Actually, the maximization of p (x1: N ∣q, y1: N ) needs the
calculation of the particle smoother, but they do this by
using the particle ﬁlters. This shall affect the performance of
the parameter estimation because of the particle degeneracy
problem as explained before. From the simulations in the
paper, we could not see any performance analysis for the
parameter identiﬁcation with respect to the ground-truth
values. It was directly applied to the real data. This kind of
parameter identiﬁcation has bias and hence its reliability, is
questionable. Johnston et alʼs model had process noise only
in the ﬁrst component. In this paper, we also apply process
noise to all state dimensions like [32]. Similarly, Murray and
Storkey also used particle smoothers for the state estimation [28].
Yet another technique employed in fMRI literature is the
variational approach. This is an approximation technique that
was ﬁrst suggested by Feynmann [33]. It was previously
applied in statistical physics under the name of mean ﬁeld
theory [34]. For joint parameter and state estimation by the
variational technique, the parameters and hidden states are
assumed to be factorized. Subsequently, the difﬁcult problem

1.1.4. Joint parameter and state estimation. In this section,

we review the methods for the joint estimation of parameters
and states. Parameter estimation can be done mainly in
two ways:
(1) Ad hoc method.
(2) Maximum likelihood approach.
1.1.5. Ad hoc method. Adding artiﬁcial dynamics to the

parameters used as ad hoc method is not that formal, but it is
also used in practice. It makes a further approximation. By
adding artiﬁcial dynamics to the parameter, the parameter can
be treated as a variable and can be augmented to the state. The
dynamics of the parameter becomes a time-varying variable
perturbed with noise. This brings additional error in the
estimation, but can be used as an approximation. In the fMRI
literature, the square root cubature Kalman smoother (SCKS)
method recently proposed by Havlicek et al [3] uses this
approach. Under certain noise characteristics, it is reported to
perform better than the dynamic expectation maximization
(DEM) algorithm. In a former work, Hu [29] used UKF in
this sense also. Parameters are treated in his work also as
artiﬁcially varying variables. However, Hu used UKF just in
forward pass, without smoothing.
1.1.6. Maximum likelihood approach. In the maximum

likelihood approach, no prior assumption is made for the
parameter. The aim is to ﬁnd the parameter set θ, which
4
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add the white noise to the model as in [38]. The resulting
stochastic dynamical system is transformed into an integral
equation to carefully treat the noise part. We then perform
Euler discretization to the stochastic integral equation. At the
end, we arrived at the discrete-time nonlinear state-space
model.
First, neuronal activity u(t) is linked to the abstract
vasodilatory signal h1 [7, 19]. Between the vasodilatory signal
h1 and the blood ﬂow h2, the relationship is found to be linear
by the experimental works of [41]. The response of the blood
ﬂow h2 is linked to the change in the vessel volume h3 and the
deoxyhemoglobin content h4. These relations are detailed by
the Friston–Buxton model [7, 9, 42].
The exact mathematical form of the relations of the
hemodynamic variables is described by the following nonlinear equations:

to ﬁnd the posterior is approximated as:
p (q , x ∣ y ) » q (q ) q (x ) .

(13)

Assuming such a factorization, then it is found that the
individual factors are the expectations of the joint density
p (q, x, y) over other factors [35–37]. This is done iteratively
until convergence. This principle of variational approach is
worked in very detail for the dynamical systems by Friston
et al in a variety of works [32, 38, 39]. Through these
interesting algorithms, Friston et al were able to determine
the inputs, parameters and hidden states under certain noise
conditions.
1.2. Outline

The paper begins with the deﬁnition of the hemodynamic
model system representation. We ﬁrst describe the system as a
set of deterministic dynamical differential equations. Subsequently, we transform the system to discrete time by using the
Euler–Maruyama method. Subsequently, we perturb the system with state and measurement noises as in [38] to obtain a
stochastic nonlinear discrete-time state space model. Finally,
we emphasize the speciﬁc form of nonlinear functions f and h.
In the material and methods section, we give the details
of the joint state and parameter estimation methodology. We
use the particle smoother expectation maximization (PSEM)
algorithm, which is a Monte Carlo approximation-type
iterative optimization technique [26, 31]. We provide a selfcontained treatment to facilitate a practical implementation of
the technique.
In the results section, we test the validity of the PSEM
algorithm on a synthetic data set as generated from the forward model. We measure the accuracy of our estimates and
compare the PSEM approach with the SCKS as proposed by
Havlicek et al [3].
In the Discussion section, we interpret the results. In the
Application to Real Data section, we apply the PSEM algorithm to a rather complicated data-set. The contributions are
as follows:

h˙1 (t ) = u (t ) - kh1 (t ) - c (h2 (t ) - 1) ,

(14)

h˙2 (t ) = h1 (t ) ,

(15)

h˙3 (t ) = t (h2 (t ) - F (h3 (t ))) ,

(16)

⎛
h (t ) ⎞
h˙4 (t ) = t ⎜h2 (t ) E (h2 (t )) - F (h3 (t )) 4 ⎟ ,
⎝
h3 (t ) ⎠

(17)

where
F (h3 (t )) = h3 (t )1 a ,
1
E (h2 (t )) = (1 - (1 - j)1
j

(18)
h 2 (t )) ,

(19)

where the parameter α is called Grubb’s exponent and the
parameter j is called as the resting oxygen extraction
fraction, and the parameter κ is a quantity to describe the
measure for the decay of the vasodilatory signal h1. The
parameter τ is denoted as the transit time. The parameter χ is
the rate constant of the feedback of the blood ﬂow h2 and the
last parameter ò is a measure for the neuronal efﬁcacy [3].
While the model can be modiﬁed for multi-stimuli cases,
in this work, we are interested in the single stimuli case. We
also disregard the interaction between different regions of the
brain.
As stated by Murray and Storkey [28], the relation
between the neuronal activity and the metabolic demands is
described by the hemodynamic model. Neuronal activity u(t)
is linked to the response in the vasodilatory signal h1. Subsequently, a change in the blood volume h3 and the deoxyhemoglobin content h4 is observed [38]. The third equation
that describes the change of h3 is the description that the
volume change rate is a function of the difference between the
incoming ﬂow and the outgoing ﬂow [7]. The outgoing ﬂow
is itself can be represented as a function of the volume and
expressed as h 31 a [7, 42]. Grubb et al found this parameter
experimentally as a » 0.38 [43].
The equation for h4 is simple to interpret. It represents the
rate of change in the deoxyhemoglobin content. It is the
difference between the incoming deoxyhemoglobin content
and the outgoing deoxyhemoglobin content [7]. For the input,
the deoxyhemoglobin content is obtained by the inﬂow
multiplied by the factor j1 (1 - (1 - j )1 h2 ). This factor is

• PSEM is a robust SMC-type model inversion method for
the hemodynamic model.
• PSEM has better numerical accuracy for the hemodynamic model parameter estimation compared with the
SCKS method under different process noise conditions.
• PSEM has better numerical accuracy for the hemodynamic state estimation compared with the SCKS method
under different process noise conditions.
Finally, the paper ﬁnishes with the conclusion section.

2. Hemodynamic model system representation
In this section, we begin by laying out the details of the
hemodynamic model. Since the hemodynamic variables refer
to physical quantities all being positive values, we perform a
nonlinear transform [40]. This transform ensures positive
values for the original hemodynamic variables. After that, we
5

J. Neural Eng. 13 (2016) 046010

S Aslan et al

found to be adequate for a wide range of conditions [7, 9].
The output deoxyhemoglobin content is the multiplication of
output ﬂow F (h3) by the deoxyhemoglobin concentration hh4 .
3
The observation equation for the BOLD signal is represented by
y (t ) = V0 (k1 (1 - h 4 (t ))
h (t )
+ k 2 (1 - 4 ) + k3 (1 - h3 (t ))) ,
h3 (t )

the noise part as shown below:

x˙3 (t ) =

x˙4 (t ) =

t (e x 2 (t )

x1 (t )
+ b 2 (t ) ,
e x 2 (t )
e x 4 (t )

F (e x3 (t ) ))

(

+ b 3 (t ) ,
e x 4 (t )

x1 (t + Dt ) » x1 (t ) + Dt (u (t ) - kx1 (t ) - c (e x 2 (t ) - 1))
+

x2 (t + Dt ) » x2 (t ) + Dt (

4

x˙1 (t ) = u (t ) - kh1 (t ) - c (h2 (t ) - 1) + b1 (t ) ,

+

(21)

+

t (h2 (t ) - F (h3 (t )))
+ b 3 (t ) ,
h3 (t )

(27)

(

h (t )

t h2 (t ) E (h2 (t )) - F (h3 (t )) h4 (t )
3

h 4 (t )

) + b (t ) .
4

(32)

Dt b 3 (t ) ,

(33)

(

e x 4 (t )

t e x 2 (t ) E (e x 2 (t ) ) - F (e x3 (t ) ) e x3 (t)
e x 4 (t )

Dt b4 (t ) .

))
(34)

We denote the discrete time instants t = tk  k Dt,
k = 1, 2, ¼. Similarly, the state variables, input, and measured BOLD signals are discretized by deﬁning xk + 1 =
x (tk + Dt ), xk = x (tk ), uk = u (tk ), yk = y (tk ). We denote
the Gaussian noise wk = Dt b (t ). The discretization of the
stochastic integral ò dbt . results in the scaling factor Dt
[46]. The ﬁnal form for the discrete-time state-space model
becomes

(25)
(26)

Dt b 2 (t ) ,

x4 (t + Dt )

(24)

h1 (t )
+ b 2 (t ) ,
h 2 (t )

x1 (t )
)+
e x 2 (t )

⎛ t (e x 2 (t ) - F (e x3 (t ) )) ⎞
x3 (t + Dt ) » x3 (t ) + Dt ⎜
⎟
⎝
⎠
e x 4 (t )

If we make the transformation h1 (t ) = x1 (t ), hi (t ) =
e xi (t ) for i = 2, 3, 4, for the right side of the above equations,
we arrive at the below widely used representation in the fMRI
literature

x˙4 (t ) =

Dt b1 (t ) ,
(31)

(23)

) + b (t ) .

)

The ﬁrst integral on the right side of the equation is a
Riemann integral, where the second integral is a stochastic
integral. Taking the integrals in the interval [t , t + Dt ], we
end up with the following discretized version of the stochastic
dynamical hemodynamic system [46]:

» x4 (t ) + Dt (

e x 4 (t )

x˙3 (t ) =

(30)

(22)

t e x 2 (t ) E (e x 2 (t ) ) - F (e x3 (t ) ) e x3 (t)

x˙2 (t ) =

⎡u (t ) - kx1 (t ) - c (e x 2 (t ) - 1)⎤
⎢ x (t )
⎥
⎢ e x12 (t)
⎥
⎢ x 2 (t )
⎥
x 3 (t ) ))
t
(
e
F
(
e
g (t ) = ⎢
⎥.
x
(
t
)
e 4
⎢
⎥
⎢ t e x 2 (t) E (e x 2 (t) ) - F (e x3 (t) ) ee xx43 ((tt))
⎥
⎢⎣
⎥⎦
x
(
t
)
e 4

(

where the parameter V0 is denoted as the resting blood
volume fraction, and k1, k 2 and k3 are denoted as the
intravascular coefﬁcient, the concentration coefﬁcient, and
the extravascular coefﬁcient, respectively. This equation
describes the nonlinear relation of the BOLD signal with
the blood volume h3 and the deoxyhemoglobin content h4
[9, 44, 45].
Next, we perform the nonlinear transform proposed by
Friston et al [40] for ensuring positive values of the hemodynamic variables. Then we switch to the integral form of the
equation perturbed with white noise. As the last step, we use
the Euler–Maruyama method to obtain the discrete form of
the nonlinear state-space model [46].
The transformation xi (t ) = log (hi (t )) for the 2., 3., and
4. hemodynamicstates is used to ensure positive values for the
2., 3., and 4. states [3, 38]. As a result, we work on the
following transformed system of equations for the states by
including the white noises:

x˙2 (t ) =

(29)

where

(20)

x˙1 (t ) = u (t ) - kx1 (t ) - c (e x 2 (t ) - 1) + b1 (t ) ,

ò d x = ò g (t ) d t + ò d b (t ) ,

x k + 1 = f (q , x k ) + w k ,

(35)

yk = h (q , xk ) + vk .

(36)

Hence, the state transition function f (q, xk ) and the
measurement function h (q, xk ) are derived as:
⎡ xk,1 + Dt (uk - kxk,1 - c (e xk,2 - 1))⎤
⎢
⎥
x
⎢ xk,2 + Dt xkk,1,2
⎥
e
⎢
⎥
x
x
⎥ , (37)
f (q , xk ) = ⎢ xk,3 + Dt t (e k,2 -x F (e k,3))
e k,4
⎢
⎥
⎢
⎛ t (e xk,2 E (e xk,2) - F (e xk,3) e xxkk,4,3 ) ⎞ ⎥
e
⎢ xk,4 + Dt ⎜
⎟ ⎥
e xk,4
⎝
⎠ ⎦
⎣

( )
(

(28)

Instead of working on the differential form, we transform
the equations into the integral form to deal more properly with
6
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Table 1. Parameter values of the hemodynamic model.

Parameter
κ
τ
χ
α
f
ò

Table 2. Parameter values of the hemodynamic observation equation.

Description

Value

Parameter

Rate of signal decay
Hemodynamic transit time
Rate of ﬂow dependent elimination
Grubb’s exponent
Resting oxygen extraction fraction
Neural efﬁciency

0.65
1.0204
0.41
0.32
0.34
0.5

V0
k1
k2
k3

Description

Value

Resting blood volume fraction
Intravascular coefﬁcient
Concentration coefﬁcient
Extravascular coefﬁcient

0.04
7j
2
2j - 2

⎛
e xk,4 ⎞
Table 3. Noise statistics and initial values.
h (q , xk ) = V0 (k1 (1 - e xk,4) + k 2 ⎜1 - x ⎟ + k3 (1 - e xk,3))
⎝
e k,3 ⎠
Variable
Value
(38) Initial state value X
[0 0 0 0]
0

 (0, 0.01) for each component
 (qtrue, 1 12) for each component
 (0, 10-5) for each component
 (0, s 2v = e-12 )
2
 (0, s w = Dte-12 ) for each state
component
 (0, s 2w = Dte-8) for each state
component

Initial state pdf
Initial parameter pdf
Parameter noise wq
Measurement noise vk
Scenario 1: wk

Here, xk, i for i = 1, 2, 3, 4 are the individual components of
the discrete-state vector xk.
In the model generation, we took the parameter values of
the model as shown in tables 1 and 2. The noise statistics can
be found in table 3. For the parameter estimation, we estimated the same parameters k, t , c as in [3]. As indicated by
[3], Grubb’s exponent and the resting oxygen extraction
fraction a, j were ﬁxed also in the work of [2]. The reason is
that very little accuracy is lost in parameter estimations when
Grubb’s exponent α and the resting oxygen extraction fraction j are taken in the physiological expected values [3, 47].
In the Monte Carlo analysis, we disturbed the initial estimation of the parameters k, t , c by the variance  (0, 1 12) as
done in [3].
In the following section, we will see how PSEM is
applied for the hemodynamic model inversion.

Scenario 2: wk

approximation of p (x 0: k - 1∣ y1: k - 1),
M

p (x 0: k- 1∣ y1: k- 1) » åwki- 1d (x 0 - x˜0i )
i=1

´ d (x1 - x˜1i )... d (xk- 1 - x˜ki- 1) .

(39)

The particle ﬁlter algorithm gives the recursion rule to ﬁnd the
distribution of p (x 0: k ∣ y1: k ). By the use of the importance
sampling method, the samples are drawn from an easy-togenerate probability density function q (x1: k ), then the
p (x 0: k ∣ y1: k ) is approximated as:

3. Material and methods
p (x 0: k∣ y1: k ) »

For the joint estimation of the state and system parameters, we
used the PSEM method. PSEM is a Monte Carlo approximation of the EM algorithm [26, 31]. Monte Carlo approximation is done with the help of the usage of the particle
smoothers. Furthermore, particle smoothers necessitates the
use of the particle ﬁlters.
The PSEM algorithm is suggested by Schon et al [31].
Following Schon and Lindsten [26, 31], we see all the components in the PSEM algorithm. We ﬁrst begin with the
particle ﬁlter; then in the next two sections, we see the particular implementation of the particle smoother used in this
paper. Then we brieﬂy review the EM. In the last subsection,
we summarize PSEM. We show that it is a promising alternative for fMRI hemodynamic system identiﬁcation and state
estimation. First, let us see the individual components.

M

åwki d (x 0 - x˜0i ) d (x1 - x˜1i)... d (xk - x˜ki ) ,
i=1

(40)

where the weights are updated according to:
wki =

p (x 0: k∣ y1: k )
.
q (x 0: k∣ y1: k )

(41)

The recursive update for wik is given as:
wki µ wki- 1

p ( yk ∣xk ) p (xk∣xk- 1)
.
q (xk∣x 0: k- 1, y1: k )

(42)

By choosing q (xk ∣x 0: k - 1, y1: k ) = p (xk ∣xk - 1), we arrived at the
standard particle ﬁlter weight update rule:
wki µ wki- 1p ( yk ∣xk ) .

(43)

To avoid particle collapse, resampling is performed by
drawing samples from the discrete probability set with the
particles and probabilities {xki , wki} iM= 1 [48]. Subsequently, we
set the new weights as wki = 1 M . Algorithm 1 lists the steps
to be performed in the particle ﬁlters.

3.1. Particle filter

Particle ﬁlter approximates the density function by samples
and its associated weights. First, assuming we have an
7
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Algorithm 1. Particle ﬁlter.

Algorithm 2. Backward-simulation-type particle smoother.
INPUT: Run a particle ﬁlter to obtain the weights {wki} iM= 1 and
particles {xki } iM= 1 for k = 1, 2, , N .
2
OUTPUT: Obtain M2 backward trajectories {x˜1:j N } M
j = 1.

Initialize:
Draw the particles {x 0i } iM= 1 ~ p (x 0 )
fork=1 to N do
Prediction step:

{xki} iM= 1 ~ p (xk∣xki- 1)

Initialize the trajectories:
For each trajectory sample, the particle x̃Nj at time k=N.

(44)

Measurement step:

x˜Nj ~ {wNi , xNi } iM= 1
wki µ p ( yk ∣xki )

(50)

Backward simulate each trajectory:
for j=1 to M2 do
for k = N - 1 to 1 do
Sample x̃kj

(45)

Resample step
end for

x˜kj ~ {wki∣ N , xki} iM= 1

(51)

wki∣ N µ wki p (x˜kj+ 1∣xki )

(52)

where

3.2. Particle smoother

In this paper, we concentrate on the smoother applications
that uses particle ﬁlter as the ﬁrst building blocks to proceed.
The idea of how to obtain an approximate representation
p (x1: N ∣ y1: N ) is by using the following key property:

end for
end for

N-1

p (x1: N ∣ y1: N ) = p (xN ∣ y1: N )  p (xk∣xk+ 1, y1: N ) .

(46)

k= 1

3.4. EM algorithm

The expression (46) suggests a way to sample from the
joint distribution p (x1: N ∣ y1: N ) [26]. First, we begin by sampling from p (xN ∣ y1: N ). Denote this new sample as x̃N . Subsequently, we sample for xk by using the backward kernel
p (xk ∣x˜k + 1, y1: N ) repeatedly in time. We repeat backward
sampling until we obtain a sequence of x˜1, x˜2 ,... x˜N called
trajectory. In our context, backward kernels are to be
approximated by particle ﬁlters.
This procedure is called backward simulation. By
repeating this M2 times, we approximate the conditional
density p (x1: N ∣ y1: N ) by M2 sample trajectories:
1
p (x1: N ∣ y1: N ) =
M2

M2

åd (x1 -

x˜1i ) d (x2

-

x˜2i )... d (xN

-

As stated before, our aim is to ﬁnd the parameter estimate in
the maximum likelihood setting
q* = arg max l (q ) = log pq ( y1: T ) .
q

Since the calculation of l (q ) is analytically difﬁcult in
general, in order to remedy this, we iteratively ﬁrst calculate
(expectation step) and maximize (maximization step) an
alternative function Q (q, q ¢)
 (q , q ¢) =

x˜Ni ) .

ò log pq (x1:N , y1:N ) pq ¢ (x1:N ∣ y1:N ) dx1:N ,

(47)

 (q , q ¢)   (q ¢, q ¢) ,

p (xk∣x˜k+ 1, y1: N ) »

l (q )  l (q ¢) .

kernel

(48)

i=1

where
wki ∣ N =

wki p (x˜k+ 1∣xki )

å j= 1wkj p (x˜k+ 1∣xkj)
M

.

(56)

By using this property, we are able to maximize the θ
value iteratively beginning from an arbitrary value. The disadvantage of the method is that the limit point for θ may be
local optimum instead of global optimum.

M

åwki∣ N d (x - xki ) ,

(55)

then it is also true to say

3.3. Particle smoother backward kernel approximation

backward

(54)

where q ¢ is the one-step previous estimate. This method is
known as EM algorithm [49]. The reason we choose such a
function is any theta value that satisﬁes

i=1

By using the particle ﬁlter, the
p (xk ∣x˜k + 1, y1: N ) is approximated as:

(53)

(49)

3.5. Monte Carlo approximation of EM

In a nonlinear dynamical state-space system, the calculation
of the  (q, q ¢) is still difﬁcult. One solution is the Monte
Carlo approximation through the use of particle smoothers
[26, 31, 50]. This type of Monte Carlo approximation

The denominator is just the normalization part. The proof of
this result is given in [26]. This concludes the details of the
smoother. Let us summarize the steps in algorithm 2.
8
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ˆ (q, q ¢) is achieved by approximating the conditional pdf

p (x1: N ∣ y1: N ) by M2 backward simulated trajectories obtained
from the particle smoother. As a result, instead of working for
 (q , q ¢) =

ò log pq (x1:N , y1:N ) pq ¢ (x1:N ∣ y1:N ) dx1:N ,

Table 4. Monte Carlo estimate for ktc scenario 1.

(57)

we work for
ˆ (q , q ¢) =


ò

log pq (x1: N , y1: N )

´

1
M2
=

=

1
M2

M2 N - 1

Parameter

True

Estimated

Bias

PSEM
SCKS
PSEM
SCKS
PSEM
SCKS

κ
κ
τ
τ
χ
χ

0.65
0.65
1.0204
1.0204
0.41
0.41

0.6506±0.0192
0.6567±0.0272
1.0223±0.0674
1.0300±0.0710
0.4106±0.0071
0.4124±0.0108

0.0006
0.0067
0.0019
0.0096
0.0006
0.0024

M2

åd (x1 - x˜1i) d (x2 - x˜2i )... d (xN - x˜Ni ) dx1:N ,

i=1

1
M2

far [3]. For the initial conditions and noise statistics, we chose
the values listed in table 3. Our process noise statistics are
more challenging compared with [3]. We tested the performance for two different process noise statistics. The ﬁrst
scenario has the standard deviation of sw = Dt e-12 , and the
second scenario has the standard deviation of sw = Dt e-8.
The second one is also in accordance with Friston et alʼs
choice [38]. This is different from Johnston’s work [1], since
we perturb all the state variables with process noises. Johnston applied the process noise only to the ﬁrst state variable.
The choice of particle numbers to represent the probability
density functions is crucial. In our simulations, we could get
satisfactory results beginning from the particle number
M=200 and trajectory number M2 = 50 for the ﬁrst scenario. For the second scenario, we chose the particle number
M=1000 and trajectory number M2 = 250 . For both scenarios we performed 100 runs to compare PSEM and SCKS.
Also, we set the discretization step as Dt = 0.1. For simulation, we assumed that for every second, we have a corresponding measurement. We did not interpolate the
measurements as in [3] because we think that this breaks the
derivation principles of the algorithms. EM algorithm is
known to converge to local optimum. In our simulations, for
the second scenario for very rare events, we saw a convergence to local optimum. In these cases, the second parameter converges towards 0.05 and the third parameter
converges towards 0. In order to exclude them, we put a lower
limit, 0.11, for τ and χ. This way, we successfully estimated
the parameters.
We also evaluated the performance of the state estimation. We calculated the root mean square (rms) errors for the
state estimations for each of the methods. The rms error in a
speciﬁc run is deﬁned as:

(58)
M2

å log pq (x˜1:i N , y1:N ) ,

(59)

i=1

å å log pq (xkj+ 1∣xkj) +
j= 1 k= 1

Method

1
M2

M2 N

åå log pq ( yk ∣xkj) .
j = 1k = 1

(60)

Hence, we ended with a very simple function to maximize. Having completed all the components used in the
PSEM algorithm, let us summarize PSEM in algorithm 3.
Algorithm 3. Particle smoother EM (PSEM).
Initialize q1 set l=1
for k  1 do
Expectation step:
1. Run the particle ﬁlter
2. Compute pql (x1: N ∣ y1: N ) by running the backward-simulation-type
particle smoother algorithm
ˆ (q , q l )
3. Calculate 
Maximization step:
ˆ (q , q l )
4. ql + 1 = arg max q 
if ql + 1 converges, then
break
end if
end for
return q PSEM = ql + 1

Note that in this manner, we propose a way to ﬁnd a
better candidate for the next estimate of the θ, since we are
now able to calculate  (q, q ¢) through the use of particle
smoother approximation.
Note that in this expression, the only unknown quantity is
the parameter set θ. The maximization step of EM is just the
ˆ (q, q ¢). The result is our new
optimization of the function 
parameter candidate θ. We repeat this procedure until the
ˆ (q, q ¢) is calculated speciconvergence. The detail of how 
ﬁcally for fMRI signals is derived in detail in the appendix.

erms =

1
N

N

å xˆk - xk,true 2 .

(61)

k= 1

Here, x̂k is the result of the state estimation algorithm at
time k, which corresponds to the smoothed value x̂k N calculated by PSEM or SCKS. xk,true represents the ground-truth,
and . is the Euclidean norm.

4. Results

4.1. Scenario 1

In order to evaluate the PSEM performance, we also implemented SCKS suggested by Havlicek et al, which seems to be
the best hemodynamic model inversion method suggested so

As can be seen in table 4, the PSEM parameter estimates were
more accurate than SCKS. The bias of the PSEM parameter
estimates are lower than the SCKS biases. These results are
9
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Figure 1. The convergence of the parameter estimates: scenario 1 and 2.
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limited. In practice, Gaussian-approximated-type ﬁlters can
handle parameter estimation satisfactorily by treating the
parameters as time-varying variables. In this approach, parameters are augmented to the state vector. However, the same
approach is known to be problematic in the SMC approaches.
Another serious problem is that the standard usage of particle
ﬁlters suffers from the particle degeneracy problem, which
inﬂuences directly the parameter estimation [26]. In this
paper, we applied for the ﬁrst time a robust SMC-type model
inversion technique for the joint hemodynamic parameter and
state estimation. The robustness of the algorithm is tested by
comparing the ground-truth values. Furthermore, its performance in the physiological and measurement noise conditions
is better compared with the recently proposed SCKS algorithm, which seems to be the best hemodynamic model
inversion method [3]. We performed two scenarios to prove
the validity of the algorithms.

Table 5. Rms state errors: mean and standard deviation.

Scenario number
Scenario 1
Scenario 2

PSEM

SCKS

0.0139±0.0040
0.0371±0.0040

0.0143±0.0032
0.0373±0.0042

Table 6. Monte Carlo estimate ktc scenario 2.

Method

Parameter

True

Estimated

Bias

PSEM
SCKS
PSEM
SCKS
PSEM
SCKS

κ
κ
τ
τ
χ
χ

0.65
0.65
1.0204
1.0204
0.41
0.41

0.6492±0.0409
0.6529±0.0463
1.0248±0.1307
1.0354±0.1386
0.4107±0.0135
0.4103±0.0155

0.0008
0.0029
0.0044
0.0150
0.0007
0.0003

Scenario 1

In this scenario, the standard deviation of the process noise
for each state component is set as sw = Dt e-6 . It is quite
remarkable that PSEM was better in all parameter estimations
k, t , c and state estimation. Figures 1 and 2 and table 4 show
these results. The bias and sample variance was lower than
the SCKS method. The computation time depends on the
particle number for PSEM. For the particle number M=200
and the backward trajectory number M2 = 50 , PSEM is
computationally more demanded compared with SCKS. Per
iteration SCKS lasted around 1.2 and 16 for PSEM. Furthermore, SCKS could converge in a few iterations. Typically, 15 iterations were sufﬁcient for SCKS. But for PSEM,
around 1000 iterations were necessary. The reason is the
following: in SCKS, parameters are augmented to the state
vector. Hence, the parameter estimates are updated at every
time step. This strategy seems to be good for the speed of the
convergence.

also plotted as bars to visualize the parameter and state estimation performance of PSEM in ﬁgure 2. Figure 1 shows the
estimation improvements of the parameters with respect to the
iteration number. The state estimation performances are
summarized in table 5.
4.2. Scenario 2

In this second scenario, we increased the process noise further, where the standard variation is sw = Dt e-4 . As can be
seen in table 6, PSEM parameter estimates were more accurate than SCKS. The bias of the PSEM parameter estimates is
similar in χ parameter estimate. Both of them were very low.
The bias of PSEM in the other parameters is much lower than
the bias of SCKS. These results are also plotted as bars to
visualize the performance of PSEM in ﬁgure 2. Figure 1
shows the estimation improvements of the parameters with
respect to the iteration number. The state estimation performances are summarized in table 5.

Scenario 2

In scenario 2, we increased the particle number to M=1000
and the backward trajectory number to M2 = 250 . As in
scenario 1, the parameter estimates for PSEM were better
compared with SCKS. Figures 1 and 2 and table 6 show these
results. Since the process noise increased, we needed to
increase the particle number and the backward trajectory
number. Per iteration SCKS lasted around 1.2 and 175 for
PSEM. SCKS converged again in a few iterations. Around 10
iterations were sufﬁcient for SCKS. For PSEM, around 200
iterations were necessary.
Direct usage of the particle ﬁlters for parameter estimation suffers from the problem of degeneracy. Particle ﬁlters
alone cannot approximate the joint conditional pdf adequately. To resolve this problem, particle smoothers are
suggested. The use of smoothers decreases the variance of the
estimates at the cost of computation time. By decreasing the
variance of the estimate, we were able to attain good state and
parameter estimates. We think that the remarkable estimation

5. Discussion
In this paper, for the discretization type, we did not use the LL
proposed by [51] for saving computational complexity, which
we already introduced in the particle ﬁlter and smoother parts.
However, the time interval Dt = 0.1 was chosen smaller than
the ones that were used for DEM and SCKS [3]. The time
step was smaller than 10% of the time constants so that the
nonlinear dynamics can be captured appropriately as in [1].
In nonlinear systems, the conditional pdfs p (xk ∣ y1: k ) or
p (xk ∣ y1: N ) cannot be represented as exact Gaussian pdf’s. For
that reason, particle ﬁlters/smoothers can be more appropriate
choices. We also emphasize that the method at present is also
applicable for non-Gaussian noise conditions. In the previous
hemodynamic model inversion works, particle ﬁlters/
smoothers were satisfactorily applied for the state estimation
[1, 28], but their usage for the parameter estimations was
11
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Figure 2. Parameter and state estimation bounds: scenario 1 and 2.

performance of [3] under certain noise conditions also rests
on the use of the smoother concept.
Other sophisticated methods proposed by Friston, such as
DEM, variational and generalised ﬁltering will be good to
compare in future works. As particle ﬁlter, we used the
standard simple SIR ﬁlter proposed by [23]. The PSEM
algorithm is suitable for working with different particle ﬁlters.
Alternatives for the joint particle smoother can also be used.
But the current ones used in this paper worked quite well.
Overall, the numerical accuracy of PSEM was good. We
hope that, with this work, the usage of particle ﬁlter/smoother
algorithms will be more adopted in the fMRI literature. The
drawback of the particle smoother is speed, but for ofﬂine
analysis, we think that this method can be appropriate due to
its lower numerical error for both state and parameter estimation compared with other methods. In the current context,
we did not estimate the input as in the SCKS and DEM
methods, but the simulations show that for the hemodynamic

system identiﬁcation, it is more suitable compared with SCKS
for realistic noise conditions.

6. Application to real data
6.1. Information regarding the real data

In this section, we want to apply the PSEM algorithm to a
rather complex data-set. This data-set is used in the literature
by Friston et al to test DEM, VF and GF [32, 38, 52]. It has a
multi-input type structure. For multi-input data, we use the
Friston–Buxton hemodynamic model, however, we only
modify the ﬁrst equation such as [32, 38, 52]:
xk+ 1,1 = xk,1 + Dt (1uk1 +  2 uk2
+  3 uk3 - kxk,1 - c (e xk,2 - 1)) ,

12
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Figure 4. Vision, motion and attention are he neuronal inputs u1, u2

Figure 3. The fMRI data is taken from the motion sensitive area V5,

and u3 in this rather complicated experiment. The ﬁrst 1500 samples
are chosen. Since TR is 3.22 s. We performed 16 prediction update
for every measurement, which corresponds to Dt = 0.2 s as the
sampling time for the inputs. The subject performs ﬁve different
experimental conditions repeatedly. Every condition refers to
different combination of the neuronal inputs. As shown in the ﬁgure,
similar to Friston et al [32, 38, 52], DC values of the inputs are
removed.

called expatriate region. The ﬁrst 93 samples are taken for model
inversion. TR is 3.22 s.

where u1, u2 and u3 are the neuronal inputs, 1,  2 and  3 are
neuronal efﬁcacy factors, respectively. In the current experimental context, Friston et al [32, 38, 52] have a subject who
supposed to view, motion track and attend some dots in a
screen. These different neuronal causes are depicted as
neuronal inputs u1, u2 and u3, respectively. Friston et al
[32, 38, 52] model these inputs as box-car functions. They
perform ﬁve different experimental conditions which are
composed of different combinations of the neuronal inputs.
For example, in the third condition, the subject simultaneously views 250 moving points and he tracks also the radial
velocity changes of the points. For that reason, during this
time interval, the neuronal inputs u1, u2 and u3 are taken as 1,
1, 1, respectively. For the fourth condition, the subject views
250 moving dots without particular attention. For that reason,
the neuronal inputs u1, u2 and u3 are taken as 1, 1, 0,
respectively. In the ﬁfth condition, the subject views the
stationary point. Nothing moves in this condition. For that
reason, the neuronal inputs u1, u2 and u3 are taken as 1, 0, 0,
respectively. The ﬁrst condition is used for allowing magnetic
saturation effects [32, 38, 52]. Similarly, for the second
condition, the subject suppose to just ﬁxate the stationary
point in the screen. During this case, the neuronal inputs
u1, u2 and u3 are taken as 0, 0, 0, respectively. The test setup
is the repetition of these conditions. Friston et al collects the
data from the motion sensitive area V5, the expatriate region.
Friston et al [32, 38, 52] remove the DC component of the
neuronal inputs, since the fMRI signal is DC removed. We
follow the same approach in this paper. The resulting real data
and neuronal inputs are shown in ﬁgures 3 and 4.

Figure 5. 1,  2 estimates are shown for every iteration number.

the initial estimate of k, t and χ we sampled from the densities  (0.65, 1 12),  (1.02, 1 12) and  (0.41, 1 12),
respectively. The parameter values for k, t , c are similar to
the ones which are used as prior values for [52]. These values
correspond to our prior belief about these parameters. For the
remaining ones, we set [1,  2,  3] = [0.1, 0.1, 0.1]. This
choice corresponds to put equal weight for the neuronal
efﬁciency factors. However, we wait PSEM to converge to
the true estimates. The process noise variance is chosen as e-8
for each state component, same as the one by Friston et al
[32]. The measurement noise variance was chosen as e-12 ,
similar to [3].
EM can convergence also to local optima. We had 86 out
of 96 runs which converge to the global optima. The local

6.2. Results

In this section, we apply the PSEM algorithm and interpret
the results. Since the data are collected from the motion
sensitive area, we wait signiﬁcant value of  2 compared to 1
and  3. The results obtained in the literature [32, 38, 52] are in
line with this expectation. In order to ﬁnd the parameter
estimates, we searched the parameter space in the following
way. We performed 96 different parameter inilizations. For
13
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Figure 6.  3, k estimates are shown for every iteration number.

Figure 8. The mean of the parameter estimates 1,  2,  3 are
exhibited as bars. Parameters 1,  2,  3 carry information how much
the selected region is sensitive to the vision, motion and attention,
respectively. The data is collected from the motion sensitive area V5.
We expected signiﬁcant value of  2 compared to 1 and  2 . The
estimates are in line with the physiological expectation. The results
are also in line with Friston et al [32] and as shown in ﬁgure.

Figure 7. t , c estimates are shown for every iteration number.

optima are excluded. After having 1000 iterations, PSEM
converged to the global optima. In order to see the
improvement over the iterations, we plot parameter convergence with respect to the iteration number as shown in
ﬁgures 5–7. We note that with respect to the iteration number,
the parameter estimates are improved .
The converging parameter set Q* = [1,  2,  3, k, c, t ]
is found to be [0.19, 0.40, 0.01, 0.30, 1.01, 0.26]. When we
check the estimates of the neuronal efﬁciency factors
[1,  2,  3] = [0.19, 0.40, 0.01], they are in line with the
physiological expectations. The relative importance of them
can be seen in ﬁgure 8. The selected region is V5, motion
sensitive area and the most signiﬁcant value is observed for
 2 . As a result, the PSEM algorithm correctly identiﬁed that
the selected region is sensitive to the motion.
As in Friston et al [32, 38, 52], some amount of 1 was
found. The part of  3 is almost negligible as in Friston et al. In

Figure 9. The prediction error in the BOLD signal. Here, sampling

interval is Dt = 3.22 s. The real BOLD signal is plotted by the blue
color, whereas the prediction error is plotted by the red color.

order to validate that the parameter estimates are plausible, we
want plot the prediction error in the fMRI BOLD signal as
shown in ﬁgure 9.

7. Conclusion
In this paper, we showed that for the hemodynamic models,
SMC algorithms can also be used for robust hemodynamic
system identiﬁcation. For that, we used the EM method. EM
necessitates the calculation of the joint smoothing pdf
p (x1: N ∣ y1: N ). The joint smoothing pdf is successfully
14
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approximated by backward simulated particle smoothers.
Having good parameter estimates, subsequently, hemodynamic state variables are also found, which is crucial for
determining the hemodynamic and neuronal activities. In
short, the PSEM algorithm involved the combined usage of
the particle ﬁlter, particle smoother and EM algorithm.
Overall, state and parameter estimation accuracy was better
than SCKS under realistic physiological noise conditions.
Though the algorithm is slow due to the approximation
technique and iterations in the EM algorithm, its numerical
performance is better than the existing methods.

S1 =

N-1

å

- 0.5 (xk+ 1 - f (xk , q ))T Qk-1 (xk+ 1 - f (xk , q )) ,

k= 1

(71)
S2 =

N

å - 0.5 ( yk - h (xk , q))T Rk-1 (xk+ 1 - h (xk , q)) .

k= 1

(72)

So in the  expression, we evaluated the function in which
we take the integral of it. The integral is taken with respect to the
probability measure pqk (x1: N ∣ y1: N ). This part was obtained as an
approximation. We applied the backward simulation particle
smoother, which approximates pqk (x1: N ∣ y1: N ). Note that qk is the
previous iteration’s parameter estimate. For the given θ and
observations, the representation of the conditional pdf
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pqk (x1: N ∣ y1: N ) =

1
M2

M2

åd (x1 - x˜1i)(x2 - x˜2i )...(xN - x˜Ni ) .
i=1

(73)

When putting this representation of the probability measure in
the integral equation of the  function, we end up with the
following expression of the  function:
 (q , qk ) = I1 + I2 ,

Appendix
I1 =
A.1. PSEM implementation details

M2 N - 1

1
M2

åå

1
M2

M2 N

(74)

- 0.5 (xki+ 1 - f (xki , q ))T Qk-1 (xki+ 1 - f (xki , q )

i= 1 k= 1

(75)

For the PSEM algorithm, we calculate
 ( q , qk ) =

ò

log pq (x1: N , y1: N ) pqk (x1: N ∣ y1: N ) dx1: N ,

log pq (x1: N , y1: N ) =

N-1

N

k= 1

k= 1

I2 =

(63)

We note that in this expression, everything is given except for the
θ. For the calculation of f (xki , q ) and h (xki , q ) we used the
expressions obtained in the hemodynamic model system
representation section. After putting these values in the
equations (75) and (76), the only unknown variable is the
parameter set θ. As a result, in this step, we just maximize the Q
function with respect to the θ. This new θ is the new estimate for
the parameter. We repeat until the convergence of the parameters.

(64)

since
x k + 1 = f (x k ) + w k ,

(65)

where wk = N (0, Qk ) and pq (xk + 1∣xk ) =  ( f (xk ), Qk )
T Q -1 (x
k + 1- f
k

i = 1k = 1

(76)

å log pq (xk+ 1∣xk ) + å log pq ( yk ∣xk )

pq (xk+ 1∣xk ) = Ke-0.5 (xk + 1- f (xk, q ))

åå - 0.5 ( yk - h (xki , q))T Rk-1 ( yk - h (xki , q)) .

(x k, q )) ,

(66)

where K is a constant
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